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Motivation

• homogeneous 2D Fermi gas:

• late 1980s, 1990s motivated by high-Tc (increase coupling to raise Tc)
[Randeria, Engelbrecht, Zwerger, Sa de Melo, Schmitt-Rink, Varma, ...]

• cold atoms: in recent years 3D equation of state (EoS);
λ transition reminiscent of helium
but Tc/TF=0.16 very high

• cold atoms in 2D with optical
lattice, en route toward quantum
simulation of Hubbard models

[Ku+ Science 2012]

single-particle excitations freeze out and pairs form
(see model in Fig. 1).

As T ! 0, the Fermi energy EF is the only
intensive energy scale, so the chemical potential
must be related to EF by a universal number, m =
xEF, where x is known as the Bertsch parameter
(6, 7). It follows that at T = 0, k̃ = 1/p̃ = 1/x (13).
The extrapolation of the low-temperature exper-
imental data for k̃ ( p̃) toward the curve k̃ = 1/p̃
gives x = 0.37(1), a value that we find consistently
for the normalized chemical potential, energy, and
free energy at our lowest temperatures.

From the universal function k̃ ( p̃), we obtain
all other thermodynamic quantities of the unitary
gas. First, to find the normalized temperature T/TF
(where kB TF = EF), note that the change in pres-
sure with T/TF at constant temperature is re-
lated to the compressibility. One finds dp̃
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where (T/TF)i is the normalized temperature at an
initial normalized pressure p̃i that can be chosen
to lie in the Virial regime validated above.

Thanks to the relation E = 3
2PV, valid at

unitarity (17), we can also directly obtain the heat
capacity per particle at constant volume V (13),
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Figure 2 shows the normalized compressibility
and the specific heat as a function of T/TF. At
high temperatures, the specific heat approaches
that of a noninteracting Fermi gas and eventually
CV = 3

2 N kB, the value for a Boltzmann gas. A
dramatic rise is observed for T/TF at around 0.16,
followed by a steep drop at lower temperatures.
Such a l-shaped feature in the specific heat is
characteristic of second-order phase transitions,
as in the famous l transition in 4He (3). Jumps in
the specific heat are well known from supercon-
ductors (1) and 3He (2). In experiments on atomic
gases, such jumps had only been inferred from
derivatives to fit functions that implied a jump
(20, 21). We do not expect to resolve the critical
behavior very close to Tc. Because of the spatially
varying chemical potential in our trapped sample,
the critical region is confined to a narrow shell.

Based on the estimate in (22), the thickness of the
critical shell is 1% of the cloud size. The finite
resolution of our imaging system (2 mm or about
5% of the cloud size in the radial direction) suf-
fices to explain the rounding of the singularity
expected from criticality. The rounding also re-
duces the observed jump in the heat capacity at
the transition. We obtain a lower bound $C/Cn "
(Cs ! Cn)/Cn % 1:0$4

!1 , where Cs/N (Cn/N) is the
specific heat per particle at the peak (the onset of
the sudden rise). Considering the strong inter-
actions, this is surprisingly close to the BCS
value of 1.43 (1). Below Tc, the specific heat is
expected to decrease as & exp(!$0/kB T ) due to
the pairing gap $0. At low temperatures, T << Tc ,
the phonon contribution º T3 dominates (23).
This behavior is consistent with our data, but the
phonon regime is not resolved.

To validate our in situ measurements of the
superfluid phase transition, we have employed
the rapid ramp method to detect fermion pair con-
densation (24, 25). The results (Fig. 2C) show
that the onset of condensation and the sudden rise
in specific heat and compressibility all occur at
the same critical temperature, within the error bars.
Unlike previous experimental determinations of
Tc/TF for the homogeneous unitary Fermi gas
(11, 12), we determine Tc/TF directly from the den-
sity profiles, finding a sudden rise in the specific
heat and the onset of condensation at Tc/TF =
0.167(13). This value is determined as the mid-
point of the sudden rise, and the error is assessed
as the shift due to the uncertainty of the Feshbach
resonance (13). This is in very good agreement
with theoretical determinations, such as the self-
consistent T-matrix approach that gives Tc/TF '
0.16 (23), andMonte Carlo calculations that give
Tc/TF = 0.171(5) (26) and 0.152(7) (27). There is
a current debate on the possibility of a pseudo-
gap phase of preformed pairs above Tc (12, 28).
A pairing gap for single-particle excitations above
the transition should be signaled by a downturn
of the specific heat above Tc, which is not ob-
served in our measurements.

From the definition of the compressibility
k # 1

n2
#n
#m jT , we can obtain the reduced chemical

potential m/EF as a function of the T/TF (Fig. 3A)
(13). This function is here obtained frommeasured
quantities, rather than from numerical derivatives
of data that involved uncontrolled thermometry (11).
In the interval of T/TF from around 0.25 to 1,
the chemical potential is close to that of a non-
interacting Fermi gas, shifted by (xn ! 1)EF be-
cause of interactions present in the normal state,
with xn ' 0.45. Unlike a normal Fermi gas, the
chemical potential attains a maximum of m/EF =
0.42(1) at T/TF = 0.171(10), and then decreases at
lower temperatures, as expected for a superfluid
of paired fermions (23). As the temperature is in-
creased from zero in a superfluid, first the emer-
gence of phonons (sound excitations) and then
the breaking of fermion pairs contribute to in-
creasing the chemical potential. At Tc, the sin-
gular compressibility implies a sharp change in
slope for m/EF, in agreement with our observa-
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Fig. 2. (A) Normalized compressibility k̃ = [2/3]k n EF and (B) specific heat per particle CV /NkB of a
unitary Fermi gas as a function of reduced temperature T/TF (solid red circles). Black solid curve: theory for
a noninteracting Fermi gas. Blue solid curve: third-order Virial expansion for the unitary gas. Black open
squares: data for the normalized compressibility as a function of T/TF of a noninteracting Fermi gas
(combining data from both highly imbalanced gases at unitarity and balanced gases near zero-crossing).
Blue dashed (green solid) curve: model from Fig. 1, excluding (including) the effect of finite imaging
resolution. (C) Global condensate fraction at unitarity as determined from a rapid ramp to the molecular
side of the Feshbach resonance, plotted as a function of local T/TF at the trap center. The onset of con-
densation coincides with the sudden rise of the specific heat. Error bars, mean T SD.
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Strongly interacting Fermi gas

• dilute gas of ⬆ and ⬇ fermions with contact interaction

Giorgini, Pitaevskii & Stringari 2008
Bloch, Dalibard & Zwerger 2008 

Randeria, Zwerger & Zwierlein 2012

NATURE PHYSICS | VOL 6 | AUGUST 2010 | www.nature.com/naturephysics 561

news & views

One of the most stimulating areas 
of research in ultracold atoms 
is the exploration of strongly 

interacting Fermi gases1. As reported2 
in Nature Physics, John Gaebler et al. 
make a signi!cant contribution to 
this subject by providing the !rst 
experimental evidence of an energy gap, 
called the pseudogap, owing to pairing 
correlations above the super"uid phase-
transition temperature Tc of the unitary 
Fermi gas. #eir measurement uses 
the new technique of angle-resolved 
radiofrequency (RF) spectroscopy, 
which is an analogue of angle-resolved 
photoemission spectroscopy3,4 (ARPES), 
one of the most powerful probes of 
correlated electrons in solid-state 
materials. Despite crucial di$erences, 
there are also some interesting 
similarities between the pseudogap 
above Tc in ultracold Fermi gases 
and the underdoped regime of high-
temperature superconductors.

To appreciate the signi!cance of 
these results, it is useful to recall that 
the unitary Fermi gas is in the middle of 
the crossover between two very di$erent 
limits: Bardeen–Cooper–Schrie$er 
(BCS) super"uidity of fermion pairs 
and Bose–Einstein condensation (BEC) 
of bosons. Most superconductors or 
super"uids studied in the past hundred 
years are !rmly in one or the other limit. It 
is only in the past few years that an atomic 
physics technique called the Feshbach 
resonance1 has allowed us to actually 
tune the attractive interactions between 
fermionic atoms (6Li, 40K) and span the 
entire BCS to BEC crossover shown 
in Fig. 1.

In the BCS limit, a weak attraction 
between fermions leads to the formation — 
and condensation — of Cooper pairs with 
an e$ective size much larger than the 
interparticle distance. #e normal state 
above Tc is a Fermi liquid with a Fermi 
surface of gapless excitations. In the BEC 
limit, on the other hand, strong attraction 
leads to tightly bound diatomic molecules 
that are weakly repulsive bosons. #e state 
above Tc is a normal Bose gas and only at 

very high temperatures do the molecules 
dissociate into atoms.

#e unitary regime lies between these two 
very di$erent limits. Here the interaction 
parameter between atoms, the s-wave 
scattering length, diverges and the cross-
section is limited only by unitarity, that is, 

the conservation of probability. #e ground 
state near unitarity is a strongly interacting 
super"uid of pairs, the size of which is of 
the order of the interparticle spacing of 
constituent fermions. #is also leads to a very 
high Tc, in which Tc = (0.15–0.2)EF, where EF 
is the Fermi energy5,6.

ULTRACOLD FERMI GASES

Pre-pairing for condensation
Pair formation and condensation usually occur together in Fermi superfluids. The observation of a pseudogap that 
implies pairing above the condensation temperature in a strongly interacting Fermi gas is thus an exciting development.

Mohit Randeria

Figure 1 | Phase diagram of the BCS to BEC crossover as a function of the dimensionless attraction 
1/(kFas) (where kF is the Fermi momentum and as is the scattering length) and the temperature T 
in units of EF. The pictures show schematically the evolution of the ground state from the BCS limit 
with large, spatially overlapping Cooper pairs to the BEC limit with tightly bound molecules. The 
ground state at unitarity (1/(kFas) = 0) has strongly interacting pairs with size comparable to 1/kF. 
As a function of increasing attraction, the pair-formation crossover scale T* diverges away from Tc 
below which a condensate exists. Most Fermi superfluids and superconductors are close to the BCS 
limit where these two temperatures coincide. The experiments reported by Gaebler et al.2 probe the 
unitary regime and reveal a pairing pseudogap in the range of temperatures between Tc and T*. This 
global phase diagram is based on ref. 5; for recent quantum Monte Carlo calculations near unitarity, 
see refs 6 and 8.
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2D Fermi gas

experimental setup: quasi-2D “pancakes”

Laser
longitudinal motion frozen if 
kBT,EF ⌧ ~!0

exact 2D scattering amplitude:

2D: f(k) =
1

ln(1/k2a22D) + i⇡

2D: always
bound state

"B =
~2

ma22D

Adhikari 1986

3D: f(k) =
1

�1/a3D � ik

• coupling always energy dependent (log. running coupling)
• never scale invariant (quantum anomaly breaks classical scale invariance)
• typical scale k=kF: -1/ln(kFa) is expansion parameter Pitaevskii & Rosch 1997



Quasi-2D Fermi gas

• in a trapping potential, the 2D scattering properties are influenced by the 
confining potential:

• low filling:

• larger filling:

• binding energy                         (different from “universal dimer”)

10

B[G] TTOF THF TB TV T

692 55(18) 61(8) ↵ = 2: 51(4) 51(4) 61(8)

732 55(20) 52(5) ↵ = 2: 49(5) 49(5) 49(5)

782 46(14) 36(3) ↵ = 2: 47(5) 47(5) 47(5)

812 57(9) - ↵ = 2: 45(7) 45(7) 45(7)

832 59(13) - ↵ = 2: 40(8) 37(6) 39(7)

852 58(14) - ↵ = 1: 22(4) 36(5) 29(4)

892 71(19) - ↵ = 1: 23(3) 33(3) 28(3)

922 67(19) - ↵ = 1: 23(4) 30(5) 27(5)

952 57(11) - ↵ = 1: 20(3) 26(4) 23(3)

982 67(26) - ↵ = 1: 23(5) 28(5) 26(5)

1042 45(15) - ↵ = 1: 23(6) 26(6) 25(6)

TABLE I: Lowest temperatures (in nK) attained in our ex-
periment. We compare the results from fitting with di↵erent
reference EOSs. The first column corresponds to the tem-
perature obtained from a Boltzmann fit of the tail of the
momentum distribution after time-of-flight (TOF). The cor-
responding values are the mean and standard deviation af-
ter averaging over ⇠ 30 shots. The remaining columns show
the median and median deviation of fitting the low density
region of the in-situ density profile to the HF-formula (7),
Boltzmann-formula with ↵ (11), and second order virial ex-
pansion (8). The last column displays our best estimate for
T as discussed in the text. Note that we determine the tem-
perature for each shot individually, such that the mean values
and their error displayed here only serve as an orientation.

B[G] µ̃0,TF µ̃0,HF µ̃0,B µ0,V + "B
2 µ0,V

692 34(3) 39(3) 49(5) - -

732 51(4) 60(5) 65(5) - -

782 78(6) 91(6) 75(8) - -

812 110(7) - 100(6) 110(10) -180(10)

832 130(7) - 120(10) 120(6) 40(6)

852 160(8) - 170(6) 140(8) 110(8)

892 200(7) - 200(7) 180(9) 170(9)

922 210(10) - 200(10) 190(10) 190(10)

952 190(10) - 180(10) 170(10) 170(10)

982 210(10) - 200(7) 190(6) 190(6)

1042 200(10) - 180(20) 180(10) 180(10)

TABLE II: Central chemical potentials in nK. We show the
mean and standard deviation for the TF value µ0,TF which is
used in the main text. From the HF-, B-, and V-fits of Tab.
I we obtain e↵ective chemical potentials, which are close to
the TF result. We show their median and median deviation
values.

mann result, although both approach each other. For
B � 892G the deviation between TV and TB is 10nK or
less. We note that TV gives a smooth temperature varia-
tion as we cross the Feshbach resonance from low to high
magnetic fields. In contrast, TB jumps due to the discon-
tinuous definition of ↵ in Eq. (11). We conclude that the
smooth phenomenological interpolation for ↵ employed

in [7] is justified by the second order virial expansion.
Further note that the decrease in temperature from the

Bose to the Fermi side of the crossover is approximately
by a factor of two. This can be explained by assuming
an adiabatic ramp across the Feshbach resonance when
changing the interaction strength. Since the degrees of
freedom double at constant entropy, the temperature is
reduced by a factor of two. We find a good agreement
with the temperature obtained from the large momentum
tail of the momentum distribution after TOF on the Bose
side, but find substantial di↵erences on the Fermi side,
as has already been discussed in Ref. [7]. For the present
analysis we obtain the temperature from fits of the in-situ
density profiles as this gives an overall consistent picture.
From the fit of the outer regions of the cloud we ob-

tain, as a by-product, an estimate for the central chemi-
cal potential µ0. We summarize the corresponding values
in Tab. II. We also show the chemical potential deter-
mined by the TF fit of the high-density central region.
We find good agreement within the errors from the di↵er-
ent methods. This indicates that the reference EOSs in-
troduced in this section are well-applicable to the wings.
Furthermore, deviations in µ0 obtained from approxi-
mate reference EOSs does not a↵ect our data analysis
based on µ̃0,TF, which we have shown to be robust.

2D SCATTERING PHYSICS

Due to the tight confinement along the z-direction, the
scattering physics of the 3D atomic gas can be mapped
to those of a 2D gas. Here we summarize the formulas
which are required to translate the 3D scattering length
a3D(B) across the Feshbach resonance at 832.2G [11] to
the 2D scattering length of the e↵ective 2D system. For a
more detailed discussion of similar aspects see also Refs.
[6, 7].
Scattering in 2D is peculiar in the sense that the scale

dependence of interaction corrections is typically loga-
rithmic. This is reflected in the universal low-momentum
behavior of the scattering amplitude given by

f2D(k) =
4⇡

� ln(k2a22D) + i⇡
(13)

for k ! 0, where k is the relative momentum of two col-
liding particles in the center-of-mass frame. Interaction
corrections are important if f(k0) becomes of order unity,
where k0 is a typical momentum of scattering particles.
The scattering amplitude for the 3D system which is

strongly harmonically confined in the z-direction with an
oscillator length `

z

is given by

fq2D(k) =
4⇡p

2⇡ `z
a3D

+ w(k2`2
z

/2)
, (14)

10

B[G] TTOF THF TB TV T

692 55(18) 61(8) ↵ = 2: 51(4) 51(4) 61(8)

732 55(20) 52(5) ↵ = 2: 49(5) 49(5) 49(5)

782 46(14) 36(3) ↵ = 2: 47(5) 47(5) 47(5)

812 57(9) - ↵ = 2: 45(7) 45(7) 45(7)

832 59(13) - ↵ = 2: 40(8) 37(6) 39(7)

852 58(14) - ↵ = 1: 22(4) 36(5) 29(4)

892 71(19) - ↵ = 1: 23(3) 33(3) 28(3)

922 67(19) - ↵ = 1: 23(4) 30(5) 27(5)

952 57(11) - ↵ = 1: 20(3) 26(4) 23(3)

982 67(26) - ↵ = 1: 23(5) 28(5) 26(5)

1042 45(15) - ↵ = 1: 23(6) 26(6) 25(6)

TABLE I: Lowest temperatures (in nK) attained in our ex-
periment. We compare the results from fitting with di↵erent
reference EOSs. The first column corresponds to the tem-
perature obtained from a Boltzmann fit of the tail of the
momentum distribution after time-of-flight (TOF). The cor-
responding values are the mean and standard deviation af-
ter averaging over ⇠ 30 shots. The remaining columns show
the median and median deviation of fitting the low density
region of the in-situ density profile to the HF-formula (7),
Boltzmann-formula with ↵ (11), and second order virial ex-
pansion (8). The last column displays our best estimate for
T as discussed in the text. Note that we determine the tem-
perature for each shot individually, such that the mean values
and their error displayed here only serve as an orientation.

B[G] µ̃0,TF µ̃0,HF µ̃0,B µ0,V + "B
2 µ0,V

692 34(3) 39(3) 49(5) - -

732 51(4) 60(5) 65(5) - -

782 78(6) 91(6) 75(8) - -

812 110(7) - 100(6) 110(10) -180(10)

832 130(7) - 120(10) 120(6) 40(6)

852 160(8) - 170(6) 140(8) 110(8)

892 200(7) - 200(7) 180(9) 170(9)

922 210(10) - 200(10) 190(10) 190(10)

952 190(10) - 180(10) 170(10) 170(10)

982 210(10) - 200(7) 190(6) 190(6)

1042 200(10) - 180(20) 180(10) 180(10)

TABLE II: Central chemical potentials in nK. We show the
mean and standard deviation for the TF value µ0,TF which is
used in the main text. From the HF-, B-, and V-fits of Tab.
I we obtain e↵ective chemical potentials, which are close to
the TF result. We show their median and median deviation
values.

mann result, although both approach each other. For
B � 892G the deviation between TV and TB is 10nK or
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tain, as a by-product, an estimate for the central chemi-
cal potential µ0. We summarize the corresponding values
in Tab. II. We also show the chemical potential deter-
mined by the TF fit of the high-density central region.
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scattering physics of the 3D atomic gas can be mapped
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which are required to translate the 3D scattering length
a3D(B) across the Feshbach resonance at 832.2G [11] to
the 2D scattering length of the e↵ective 2D system. For a
more detailed discussion of similar aspects see also Refs.
[6, 7].
Scattering in 2D is peculiar in the sense that the scale

dependence of interaction corrections is typically loga-
rithmic. This is reflected in the universal low-momentum
behavior of the scattering amplitude given by

f2D(k) =
4⇡

� ln(k2a22D) + i⇡
(13)

for k ! 0, where k is the relative momentum of two col-
liding particles in the center-of-mass frame. Interaction
corrections are important if f(k0) becomes of order unity,
where k0 is a typical momentum of scattering particles.
The scattering amplitude for the 3D system which is

strongly harmonically confined in the z-direction with an
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is given by

fq2D(k) =
4⇡p

2⇡ `z
a3D

+ w(k2`2
z

/2)
, (14)
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where the function w(⇠) reads [6, 12]

w(⇠) = lim
J!1

hr4J

⇡

ln
⇣
J

e

2

⌘

�
JX

j=0

(2j � 1)!!

(2j)!!
log(j � ⇠ � i0)

i
. (15)

For ⇠ ⌧ 1 we have w(⇠) ' wlim(⇠) = � log(2⇡⇠/A) + i⇡
with A = 0.905. We write

�w(⇠) = w(⇠)� wlim(⇠) � 0. (16)

If `
z

is su�ciently small, we have �w ⇡ 0, and fq2D(k)
approaches the form of f2D(k) with a2D replaced by

a

(0)
2D = `

z

r
⇡

A

exp{�
r

⇡

2

`

z

a3D
}. (17)

The neglect of �w is justified if the relevant momen-
tum scale of scattering, k0, satisfies k0`z ⌧ 1. In a
many-body setting, the corresponding momentum scale
is given by ~k0 =

p
2Mµ̃ [6], thus k

2
0`

2
z

/2 = µ̃/~!
z

. If
k0`z is not small, the e↵ective 2D scattering length of
the many-body system receives a k0`z-dependent correc-
tion. The latter is obtained from keeping the higher or-
der terms in the denominator of Eq. (14) when equating
f2D(k0) = fq2D(k0). We then arrive at the more general
formula

a2D = `

z

r
⇡

A

exp{�
r

⇡

2

`

z

a3D
}e� 1

2�w(k2
0`

2
z/2)

. (18)

For the lowest temperatures attained in the experiment,
�w is irrelevant in the bosonic limit, but reaches ' 0.7�
0.9 for the highest magnetic fields on the Fermi side. The

shift of ln(kFa2D) with respect to ln(kFa
(0)
2D), however, is

only � 1
2�w = �(0.4� 0.5) in this case.

We define the 2D binding energy as

"B =
~2

Ma

2
2D

. (19)

Analogously, with "

(0)
B = ~2/(M [a(0)2D]

2) we have "B =

"

(0)
B e

�w. The e↵ect of �w appears now exponentiated.
However, the dependence of the PSD on �"B is only log-
arithmic. Note that "B does in general not coincide with
the energy "

C
B of the confinement induced bound state [1]

given by the solution of `
z

/a3D = f1("CB/(~!z

)) with

f1(⌦) =

Z 1

0

dup
4⇡u3

⇣
1� e

�⌦u

p
(1� e

�2u)/(2u)

⌘
. (20)

We compare the values of "B, "
(0)
B , and "

C
B for all magnetic

fields 692� 1042G in Tab. III.

SYSTEMATIC UNCERTAINTIES

In the main text we display the statistical errors of our
determination of the EOS. Due to systematic uncertain-
ties in the measurement of the density profiles n(~r), from
which the EOS is constructed with the LDA, we have fur-
ther systematic errors which are summarized here. Note
that these systematic errors do not cover the deviations
which arise from our choices of the fit function to de-
termine the thermodynamic parameters T and µ0. The
latter can hardly be quantified at this point. The system-
atic errors of the experiment have also been discussed in
detail in Ref. [7].
Absorption imaging. The planar density profile

n(~r) is constructed from the (column integrated) opti-
cal density OD(~r) after absorption imaging along the z-
direction. At zero detuning we have

n(~r)�⇤
0 = OD(~r) +

I0(~r)

I

⇤
sat

(1� e

�OD(~r)), (21)

where �

⇤
0 is the e↵ective absorption cross section, I0 the

initial intensity of the probe beam before the atomic
cloud, and I

⇤
sat is the e↵ective saturation density. The

experiments are performed for I0/I⇤sat = 0.97+0.13
�0.08. This

leads to a systematic error in the peak density npeak
+7%
�4%.

Furthermore, due to the nonzero binding energy, the op-
tical transition frequencies of dimers are shifted, which
leads to a reduced absorption cross section �

⇤
0 on the

Bose side. We compensate for this e↵ect for B[G] =
692, 732, 782 by means of a rescaling in �

⇤
0 . The sys-

tematic uncertainty in this rescaling factor leads to an
additional systematic error in the peak density npeak of
at most 8%.
Atoms in noncentral pancakes. Our experiment

realizes the planar gas in a pancake shaped geometry at
z = 0. Therein the pancake is realized as a standing-wave
optical dipole trap from interfering two laser beams at a
small angle. In this way, further pancakes at z ? 0 are
created at a distance ' 4µm from the central pancake. A
nonvanishing population of the noncentral pancakes leads
to an overestimation of the planar density. Assuming the
gas in the higher pancakes to be a thermal gas we find
that the density is overestimated at most by 10%.
Trap parameters. The application of the LDA re-

quires a solid knowledge of the in-plane trapping poten-
tial V (~r). For the purpose of the resent analysis we as-
sume

V (~r) =
M

2
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2) + c4xx
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4 + c4xyx
2
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(22)

where the potential is centered at ~r0 = 0 and !

x

' !

y

.
Higher order terms in the expansion are not relevant as
the gas does not extend to regions so far from the center.
The harmonic trapping frequencies !

x/y

are known to an

is obtained with a good accuracy if one simply replaces ! by
the gas temperature T. Thus, in order to observe the mani-
festation of the 2D features of the particle motion in their
collisional rates one has to achieve very low temperatures
T!0.1"#0.

V. CONFINEMENT-DOMINATED 3D REGIME

In the confinement-dominated 3D regime, where !
$"#0, the axial confinement influences the scattering pro-
cess through the confined character of the axial motion. In
order to analyze this influence, we first examine the function
w(!/2"#0) that determines the energy dependence of the
scattering amplitudes. The imaginary part of w(x), following
from Eq. %16&, is equal to

Imw%x &"'(
j"0

[x]
%2 j#1 &!!
%2 j &!! "2!'

)%*x+$3/2&
*x+! , %25&

where *x+ is the integer part of x. The function Imw(x) has a
stepwise behavior as shown in Fig. 3. It is constant at non-
integer x and undergoes a jump at each integer x, taking a
larger value for larger x. With increasing x, the jumps be-
come smaller and for x%1 we have Imw(x),2!'x . The
real part of w(x) was calculated numerically from Eq. %16&
and is also given in Fig. 3. At any x we have !Rew(x)!!1,
except for narrow intervals in the vicinity of integer x. In
each of these intervals the function Rew(x) logarithmically
goes to infinity as x approaches the corresponding integer
value. This is consistent with the stepwise behavior of

Imw(x): As one can see directly from Eq. %16&, for x ap-
proaching an integer j the analytical complex function w
- ln(j#x#i0).
The described behavior of the function w(!/2"#0) has a

direct influence on the scattering amplitudes. For !/2"#0
close to an integer j, the amplitude is small and it is equal to
zero for !"2"#0 j . This phenomenon originates from the
fact that for ! close to 2"#0 j , a new scattering channel
opens %really or virtually&. For this channel the momentum
!q.!!"!m!!#2"#0 j !/" is very small. Hence, at distances
/&!1/q.!! the wave function 0 *Eq. %11&+ will be determined
by the contribution of this low-momentum term if /%l0.
This is clearly seen from Eqs. %12& and %11& and makes the
situation somewhat similar to that in the quasi-2D regime of
scattering. In the latter case, the wave function 0 in Eq. %11&
at distances /&1/q is also determined by the contribution of
the low-momentum channel as long as /%l0. Then, as fol-
lows from the analysis in Sec. IV, this wave function and the
scattering amplitude f 00 behave as 1/ln("#0 /!) in the limit
!!0. In the present case, the wave function 0 and the scat-
tering amplitudes are small as 1/ln("#0 /!!#2"#0j!) for !
!2"#0 j .
The dependence of ! f 00!2 on !/2"#0 for a/l0 equal to

#1, 1, and 1 is displayed in Fig. 4. Outside narrow energy
intervals in the vicinity of integer !/2"#0, the quantity ! f 00!2
is a smooth function of ! . One can also see a sort of a
stepwise decrease of ! f 00!2 with increasing ! , originating
from the stepwise increase of the function Imw(!/2"#0).
For !/2"#0 close to integer values j'0 we find a fine struc-
ture similar in nature to the behavior of ! f 00!2 at !&"#0. For
a/l0"1 and a/l0"1 there are narrow dips corresponding to
the logarithmic decrease of ! f 00!2 as !!2"#0 j , and for
a/l0"#1 these dips are accompanied by resonances. Note
that the thermal distribution of particles averages out this fine
structure, and the latter will not be pronounced in kinetic
properties.
The difference between the confinement-dominated 3D

regime and the ordinary 3D regime of scattering will mani-
fest itself in the rate of elastic collisions %mean collisional
frequency 2). For the Boltzmann distribution of particles,

FIG. 2. The function ! f 00!2 versus !a!/l0 at various ratios !/"#0
for a!0 %a& and a'0 %b&.

FIG. 3. The functions Rew(x) %solid curve& and Imw(x)
%dashed lines&. The dotted curve shows the function 2!'x corre-
sponding to the asymptotic behavior of Imw at large x.

D. S. PETROV AND G. V. SHLYAPNIKOV PHYSICAL REVIEW A 64 012706

012706-6

11

where the function w(⇠) reads [6, 12]

w(⇠) = lim
J!1
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JX

j=0

(2j � 1)!!

(2j)!!
log(j � ⇠ � i0)

i
. (15)

For ⇠ ⌧ 1 we have w(⇠) ' wlim(⇠) = � log(2⇡⇠/A) + i⇡
with A = 0.905. We write

�w(⇠) = w(⇠)� wlim(⇠) � 0. (16)

If `
z

is su�ciently small, we have �w ⇡ 0, and fq2D(k)
approaches the form of f2D(k) with a2D replaced by

a

(0)
2D = `

z

r
⇡

A

exp{�
r

⇡

2

`

z

a3D
}. (17)

The neglect of �w is justified if the relevant momen-
tum scale of scattering, k0, satisfies k0`z ⌧ 1. In a
many-body setting, the corresponding momentum scale
is given by ~k0 =

p
2Mµ̃ [6], thus k

2
0`

2
z

/2 = µ̃/~!
z

. If
k0`z is not small, the e↵ective 2D scattering length of
the many-body system receives a k0`z-dependent correc-
tion. The latter is obtained from keeping the higher or-
der terms in the denominator of Eq. (14) when equating
f2D(k0) = fq2D(k0). We then arrive at the more general
formula

a2D = `

z

r
⇡

A

exp{�
r
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2

`

z

a3D
}e� 1

2�w(k2
0`

2
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. (18)

For the lowest temperatures attained in the experiment,
�w is irrelevant in the bosonic limit, but reaches ' 0.7�
0.9 for the highest magnetic fields on the Fermi side. The

shift of ln(kFa2D) with respect to ln(kFa
(0)
2D), however, is

only � 1
2�w = �(0.4� 0.5) in this case.

We define the 2D binding energy as

"B =
~2

Ma

2
2D

. (19)

Analogously, with "

(0)
B = ~2/(M [a(0)2D]

2) we have "B =

"

(0)
B e

�w. The e↵ect of �w appears now exponentiated.
However, the dependence of the PSD on �"B is only log-
arithmic. Note that "B does in general not coincide with
the energy "

C
B of the confinement induced bound state [1]

given by the solution of `
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)) with

f1(⌦) =
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We compare the values of "B, "
(0)
B , and "

C
B for all magnetic

fields 692� 1042G in Tab. III.

SYSTEMATIC UNCERTAINTIES

In the main text we display the statistical errors of our
determination of the EOS. Due to systematic uncertain-
ties in the measurement of the density profiles n(~r), from
which the EOS is constructed with the LDA, we have fur-
ther systematic errors which are summarized here. Note
that these systematic errors do not cover the deviations
which arise from our choices of the fit function to de-
termine the thermodynamic parameters T and µ0. The
latter can hardly be quantified at this point. The system-
atic errors of the experiment have also been discussed in
detail in Ref. [7].
Absorption imaging. The planar density profile

n(~r) is constructed from the (column integrated) opti-
cal density OD(~r) after absorption imaging along the z-
direction. At zero detuning we have

n(~r)�⇤
0 = OD(~r) +

I0(~r)

I

⇤
sat

(1� e

�OD(~r)), (21)

where �

⇤
0 is the e↵ective absorption cross section, I0 the

initial intensity of the probe beam before the atomic
cloud, and I

⇤
sat is the e↵ective saturation density. The

experiments are performed for I0/I⇤sat = 0.97+0.13
�0.08. This

leads to a systematic error in the peak density npeak
+7%
�4%.

Furthermore, due to the nonzero binding energy, the op-
tical transition frequencies of dimers are shifted, which
leads to a reduced absorption cross section �

⇤
0 on the

Bose side. We compensate for this e↵ect for B[G] =
692, 732, 782 by means of a rescaling in �

⇤
0 . The sys-

tematic uncertainty in this rescaling factor leads to an
additional systematic error in the peak density npeak of
at most 8%.
Atoms in noncentral pancakes. Our experiment

realizes the planar gas in a pancake shaped geometry at
z = 0. Therein the pancake is realized as a standing-wave
optical dipole trap from interfering two laser beams at a
small angle. In this way, further pancakes at z ? 0 are
created at a distance ' 4µm from the central pancake. A
nonvanishing population of the noncentral pancakes leads
to an overestimation of the planar density. Assuming the
gas in the higher pancakes to be a thermal gas we find
that the density is overestimated at most by 10%.
Trap parameters. The application of the LDA re-

quires a solid knowledge of the in-plane trapping poten-
tial V (~r). For the purpose of the resent analysis we as-
sume

V (~r) =
M

2
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2
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4 + c4yy

4 + c4xyx
2
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where the potential is centered at ~r0 = 0 and !

x

' !

y

.
Higher order terms in the expansion are not relevant as
the gas does not extend to regions so far from the center.
The harmonic trapping frequencies !

x/y

are known to an
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where the function w(⇠) reads [6, 12]

w(⇠) = lim
J!1
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⇡
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⇣
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For ⇠ ⌧ 1 we have w(⇠) ' wlim(⇠) = � log(2⇡⇠/A) + i⇡
with A = 0.905. We write

�w(⇠) = w(⇠)� wlim(⇠) � 0. (16)

If `
z

is su�ciently small, we have �w ⇡ 0, and fq2D(k)
approaches the form of f2D(k) with a2D replaced by

a

(0)
2D = `

z

r
⇡

A

exp{�
r

⇡

2

`

z

a3D
}. (17)

The neglect of �w is justified if the relevant momen-
tum scale of scattering, k0, satisfies k0`z ⌧ 1. In a
many-body setting, the corresponding momentum scale
is given by ~k0 =

p
2Mµ̃ [6], thus k

2
0`

2
z

/2 = µ̃/~!
z

. If
k0`z is not small, the e↵ective 2D scattering length of
the many-body system receives a k0`z-dependent correc-
tion. The latter is obtained from keeping the higher or-
der terms in the denominator of Eq. (14) when equating
f2D(k0) = fq2D(k0). We then arrive at the more general
formula

a2D = `

z
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A

exp{�
r

⇡

2
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}e� 1

2�w(k2
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For the lowest temperatures attained in the experiment,
�w is irrelevant in the bosonic limit, but reaches ' 0.7�
0.9 for the highest magnetic fields on the Fermi side. The

shift of ln(kFa2D) with respect to ln(kFa
(0)
2D), however, is

only � 1
2�w = �(0.4� 0.5) in this case.

We define the 2D binding energy as

"B =
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2
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. (19)

Analogously, with "

(0)
B = ~2/(M [a(0)2D]

2) we have "B =

"
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B e

�w. The e↵ect of �w appears now exponentiated.
However, the dependence of the PSD on �"B is only log-
arithmic. Note that "B does in general not coincide with
the energy "

C
B of the confinement induced bound state [1]

given by the solution of `
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)) with
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We compare the values of "B, "
(0)
B , and "

C
B for all magnetic

fields 692� 1042G in Tab. III.

SYSTEMATIC UNCERTAINTIES

In the main text we display the statistical errors of our
determination of the EOS. Due to systematic uncertain-
ties in the measurement of the density profiles n(~r), from
which the EOS is constructed with the LDA, we have fur-
ther systematic errors which are summarized here. Note
that these systematic errors do not cover the deviations
which arise from our choices of the fit function to de-
termine the thermodynamic parameters T and µ0. The
latter can hardly be quantified at this point. The system-
atic errors of the experiment have also been discussed in
detail in Ref. [7].
Absorption imaging. The planar density profile

n(~r) is constructed from the (column integrated) opti-
cal density OD(~r) after absorption imaging along the z-
direction. At zero detuning we have

n(~r)�⇤
0 = OD(~r) +

I0(~r)

I

⇤
sat

(1� e

�OD(~r)), (21)

where �

⇤
0 is the e↵ective absorption cross section, I0 the

initial intensity of the probe beam before the atomic
cloud, and I

⇤
sat is the e↵ective saturation density. The

experiments are performed for I0/I⇤sat = 0.97+0.13
�0.08. This

leads to a systematic error in the peak density npeak
+7%
�4%.

Furthermore, due to the nonzero binding energy, the op-
tical transition frequencies of dimers are shifted, which
leads to a reduced absorption cross section �

⇤
0 on the

Bose side. We compensate for this e↵ect for B[G] =
692, 732, 782 by means of a rescaling in �

⇤
0 . The sys-

tematic uncertainty in this rescaling factor leads to an
additional systematic error in the peak density npeak of
at most 8%.
Atoms in noncentral pancakes. Our experiment

realizes the planar gas in a pancake shaped geometry at
z = 0. Therein the pancake is realized as a standing-wave
optical dipole trap from interfering two laser beams at a
small angle. In this way, further pancakes at z ? 0 are
created at a distance ' 4µm from the central pancake. A
nonvanishing population of the noncentral pancakes leads
to an overestimation of the planar density. Assuming the
gas in the higher pancakes to be a thermal gas we find
that the density is overestimated at most by 10%.
Trap parameters. The application of the LDA re-

quires a solid knowledge of the in-plane trapping poten-
tial V (~r). For the purpose of the resent analysis we as-
sume

V (~r) =
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where the potential is centered at ~r0 = 0 and !
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.
Higher order terms in the expansion are not relevant as
the gas does not extend to regions so far from the center.
The harmonic trapping frequencies !

x/y

are known to an
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where the function w(⇠) reads [6, 12]
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For ⇠ ⌧ 1 we have w(⇠) ' wlim(⇠) = � log(2⇡⇠/A) + i⇡
with A = 0.905. We write

�w(⇠) = w(⇠)� wlim(⇠) � 0. (16)

If `
z

is su�ciently small, we have �w ⇡ 0, and fq2D(k)
approaches the form of f2D(k) with a2D replaced by
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The neglect of �w is justified if the relevant momen-
tum scale of scattering, k0, satisfies k0`z ⌧ 1. In a
many-body setting, the corresponding momentum scale
is given by ~k0 =

p
2Mµ̃ [6], thus k

2
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2
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/2 = µ̃/~!
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. If
k0`z is not small, the e↵ective 2D scattering length of
the many-body system receives a k0`z-dependent correc-
tion. The latter is obtained from keeping the higher or-
der terms in the denominator of Eq. (14) when equating
f2D(k0) = fq2D(k0). We then arrive at the more general
formula
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For the lowest temperatures attained in the experiment,
�w is irrelevant in the bosonic limit, but reaches ' 0.7�
0.9 for the highest magnetic fields on the Fermi side. The

shift of ln(kFa2D) with respect to ln(kFa
(0)
2D), however, is

only � 1
2�w = �(0.4� 0.5) in this case.

We define the 2D binding energy as
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Analogously, with "
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�w. The e↵ect of �w appears now exponentiated.
However, the dependence of the PSD on �"B is only log-
arithmic. Note that "B does in general not coincide with
the energy "
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We compare the values of "B, "
(0)
B , and "

C
B for all magnetic

fields 692� 1042G in Tab. III.

SYSTEMATIC UNCERTAINTIES

In the main text we display the statistical errors of our
determination of the EOS. Due to systematic uncertain-
ties in the measurement of the density profiles n(~r), from
which the EOS is constructed with the LDA, we have fur-
ther systematic errors which are summarized here. Note
that these systematic errors do not cover the deviations
which arise from our choices of the fit function to de-
termine the thermodynamic parameters T and µ0. The
latter can hardly be quantified at this point. The system-
atic errors of the experiment have also been discussed in
detail in Ref. [7].
Absorption imaging. The planar density profile

n(~r) is constructed from the (column integrated) opti-
cal density OD(~r) after absorption imaging along the z-
direction. At zero detuning we have

n(~r)�⇤
0 = OD(~r) +

I0(~r)
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�OD(~r)), (21)

where �

⇤
0 is the e↵ective absorption cross section, I0 the

initial intensity of the probe beam before the atomic
cloud, and I

⇤
sat is the e↵ective saturation density. The

experiments are performed for I0/I⇤sat = 0.97+0.13
�0.08. This

leads to a systematic error in the peak density npeak
+7%
�4%.

Furthermore, due to the nonzero binding energy, the op-
tical transition frequencies of dimers are shifted, which
leads to a reduced absorption cross section �

⇤
0 on the

Bose side. We compensate for this e↵ect for B[G] =
692, 732, 782 by means of a rescaling in �

⇤
0 . The sys-

tematic uncertainty in this rescaling factor leads to an
additional systematic error in the peak density npeak of
at most 8%.
Atoms in noncentral pancakes. Our experiment

realizes the planar gas in a pancake shaped geometry at
z = 0. Therein the pancake is realized as a standing-wave
optical dipole trap from interfering two laser beams at a
small angle. In this way, further pancakes at z ? 0 are
created at a distance ' 4µm from the central pancake. A
nonvanishing population of the noncentral pancakes leads
to an overestimation of the planar density. Assuming the
gas in the higher pancakes to be a thermal gas we find
that the density is overestimated at most by 10%.
Trap parameters. The application of the LDA re-

quires a solid knowledge of the in-plane trapping poten-
tial V (~r). For the purpose of the resent analysis we as-
sume
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M

2
(!2

x

x

2 + !

2
y

y

2) + c4xx
4 + c4yy

4 + c4xyx
2
y

2
,

(22)

where the potential is centered at ~r0 = 0 and !
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Higher order terms in the expansion are not relevant as
the gas does not extend to regions so far from the center.
The harmonic trapping frequencies !
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are known to an
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For ⇠ ⌧ 1 we have w(⇠) ' wlim(⇠) = � log(2⇡⇠/A) + i⇡
with A = 0.905. We write

�w(⇠) = w(⇠)� wlim(⇠) � 0. (16)
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The neglect of �w is justified if the relevant momen-
tum scale of scattering, k0, satisfies k0`z ⌧ 1. In a
many-body setting, the corresponding momentum scale
is given by ~k0 =

p
2Mµ̃ [6], thus k
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. If
k0`z is not small, the e↵ective 2D scattering length of
the many-body system receives a k0`z-dependent correc-
tion. The latter is obtained from keeping the higher or-
der terms in the denominator of Eq. (14) when equating
f2D(k0) = fq2D(k0). We then arrive at the more general
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For the lowest temperatures attained in the experiment,
�w is irrelevant in the bosonic limit, but reaches ' 0.7�
0.9 for the highest magnetic fields on the Fermi side. The

shift of ln(kFa2D) with respect to ln(kFa
(0)
2D), however, is

only � 1
2�w = �(0.4� 0.5) in this case.

We define the 2D binding energy as

"B =
~2

Ma

2
2D

. (19)

Analogously, with "

(0)
B = ~2/(M [a(0)2D]

2) we have "B =

"

(0)
B e

�w. The e↵ect of �w appears now exponentiated.
However, the dependence of the PSD on �"B is only log-
arithmic. Note that "B does in general not coincide with
the energy "

C
B of the confinement induced bound state [1]

given by the solution of `
z

/a3D = f1("CB/(~!z

)) with

f1(⌦) =

Z 1

0

dup
4⇡u3

⇣
1� e

�⌦u

p
(1� e

�2u)/(2u)

⌘
. (20)

We compare the values of "B, "
(0)
B , and "

C
B for all magnetic

fields 692� 1042G in Tab. III.

SYSTEMATIC UNCERTAINTIES

In the main text we display the statistical errors of our
determination of the EOS. Due to systematic uncertain-
ties in the measurement of the density profiles n(~r), from
which the EOS is constructed with the LDA, we have fur-
ther systematic errors which are summarized here. Note
that these systematic errors do not cover the deviations
which arise from our choices of the fit function to de-
termine the thermodynamic parameters T and µ0. The
latter can hardly be quantified at this point. The system-
atic errors of the experiment have also been discussed in
detail in Ref. [7].
Absorption imaging. The planar density profile

n(~r) is constructed from the (column integrated) opti-
cal density OD(~r) after absorption imaging along the z-
direction. At zero detuning we have

n(~r)�⇤
0 = OD(~r) +

I0(~r)

I

⇤
sat

(1� e

�OD(~r)), (21)

where �

⇤
0 is the e↵ective absorption cross section, I0 the

initial intensity of the probe beam before the atomic
cloud, and I

⇤
sat is the e↵ective saturation density. The

experiments are performed for I0/I⇤sat = 0.97+0.13
�0.08. This

leads to a systematic error in the peak density npeak
+7%
�4%.

Furthermore, due to the nonzero binding energy, the op-
tical transition frequencies of dimers are shifted, which
leads to a reduced absorption cross section �

⇤
0 on the

Bose side. We compensate for this e↵ect for B[G] =
692, 732, 782 by means of a rescaling in �

⇤
0 . The sys-

tematic uncertainty in this rescaling factor leads to an
additional systematic error in the peak density npeak of
at most 8%.
Atoms in noncentral pancakes. Our experiment

realizes the planar gas in a pancake shaped geometry at
z = 0. Therein the pancake is realized as a standing-wave
optical dipole trap from interfering two laser beams at a
small angle. In this way, further pancakes at z ? 0 are
created at a distance ' 4µm from the central pancake. A
nonvanishing population of the noncentral pancakes leads
to an overestimation of the planar density. Assuming the
gas in the higher pancakes to be a thermal gas we find
that the density is overestimated at most by 10%.
Trap parameters. The application of the LDA re-

quires a solid knowledge of the in-plane trapping poten-
tial V (~r). For the purpose of the resent analysis we as-
sume

V (~r) =
M

2
(!2

x

x

2 + !

2
y

y

2) + c4xx
4 + c4yy

4 + c4xyx
2
y

2
,

(22)

where the potential is centered at ~r0 = 0 and !

x

' !

y

.
Higher order terms in the expansion are not relevant as
the gas does not extend to regions so far from the center.
The harmonic trapping frequencies !

x/y

are known to an

Petrov & Shlyapnikov 2001



Phase diagram

• Fermi side (ln(kFa)>>1): BCS theory

• with Gorkov-Melik-Barkhudarov corrections: 1/e factor 

• Bose side (molecules): BKT theory

Tc/TF =

2e�

⇡
exp[� ln(kFa)]

Tc/TF =

2e�

e⇡
exp[� ln(kFa)]

Tc/TF ' 1

ln[(380/4⇡) ln(1/(kFa)2)]

normal phase, but with anomalous properties due to the lack
of low-energy fermionic excitations. There is no uniquely
defined temperature associated with this crossover, so for
concreteness we define the pseudogap temperature T! as the
temperature where the density of states at the chemical
potential drops by 25% of the value at the left fringe.
The full spectral function A"k;ω#, shown in the inset of

Fig. 1 for a temperature of T=TF $ 0.07 slightly above Tc,
shows a BCS-like dispersion with a clear reduction of
spectral weight near the Fermi energy. While the upper
branch has a minimum at a finite wave vector k≃ kF, the
lower branch exhibits “backbending” towards lower energy
for large momenta (cf. Ref. [6]). We note that backbending
alone is not sufficient to define the pseudogap regime and can
also arise for other reasons in the occupied spectral function
[21]. The two-peak structure of the k $ 0 spectral function
qualitatively agrees with the momentum-resolved rf spectrum
measured at ln"kFa2D# $ 0.8 [4], which is the only meas-
urement that may lie within the pseudogap regime [20]. For
stronger attraction, the pseudogap regime eventually crosses
over into preformed fermion pairs, where the Fermi surface
is lost (μ < 0) and the spectral function resembles the one
predicted using the virial expansion [20,22].
Density equation of state.—The total density of both spin

components follows from the density of states as n $
2
R!
"! dεf"ε#ρ"ε#, where f"ε# is the Fermi distribution.

In Fig. 2, we plot the density equation of state n"βμ; βεB# as
a function of βμ for different values of the interaction
parameter βεB. This manner of plotting the equation of state
allows one to make a direct connection with experiments
in trapped gases, since the density vs chemical potential at
fixed βεB can be easily extracted from the measured density
profile in a trap [17]. To expose the effects of interactions,
we normalize the density n by that of the ideal Fermi
gas, n0 $ 2 ln"1% eβμ#=λ2T , where λT $

!!!!!!!!!!!!!!!
2π=mT

p
is the

thermal wavelength. In the high-temperature limit where

βμ ! "!, all properties approach those of an ideal
Boltzmann gas. However, with decreasing temperature,
we find that n=n0 eventually exhibits a maximum around
βμ≃ 0, implying that interactions are strongest at inter-
mediate temperatures. This is easily understood from the
fact that decreasing T=TF at fixed βεB results in an in-
creasing ln"kFa2D#, as shown in the inset of Fig. 2. Thus,
we likewise expect the system to approach a weakly
interacting gas in the low temperature regime. This behav-
ior is qualitatively different from that observed in 3D [17],
and is a direct consequence of the fact that one can have
a density-driven BCS-Bose crossover in 2D. The curves for
large βεB are shown up to the critical value μc"βεB# where
the system is expected to enter the BKT phase.
Pressure.—The pressure is obtained by integrating the

density according to the Gibbs-Duhem relation, P"μ#T;εB $R
μ
"! n"μ0#dμ0. Figure 3 shows the Luttinger-Ward data for
finite temperatures T=TF $ 0.2 (top) to 0.1 (bottom): the
pressure decreases from the free Fermi pressure in the BCS
limit to the much lower pressure of a dilute Bose gas in the
BKT limit. This is a strong coupling effect beyond the
mean-field BCS prediction P $ P0 at T $ 0 [10,11]. As
the temperature is lowered, our data approach the T $ 0
QMC results [11] (dashed line). A recent measurement at low
temperatures T=TF ≃ 0.04…0.12 [10] (symbols) found a
deviation from the T $ 0 pressure in the BCS limit, attributed
to mesoscopic effects. We, however, find that the T=TF ≃ 0.1
pressure from the Luttinger-Ward calculation agrees well with
experiment in this regime, thus, suggesting that the discrep-
ancy is in large part due to the effect of temperature.
Phase diagram of the 2D Fermi gas.—The BKT transition

at a finite temperature Tc marks the onset of a nonzero
superfluid density ρs and algebraically decaying correlations
[7,8]. The jump in ρs=n at Tc is universal for a Bose
superfluid and becomes exponentially small of order Tc=TF
on the weak-coupling BCS side [23]. The transition

FIG. 4 (color online). Critical temperature Tc=TF vs interaction
strength ln"kFa2D#. The Luttinger-Ward result for a finite system
(blue solid line) in the crossover region ln"kFa2D#≳ 0 is compared
with analytical limits [12]. The red dots mark the crossover
temperature T! to the pseudogap regime for ln"kFa2D#≳ 1.

FIG. 5 (color online). Contact density C vs interaction
strength 1= ln"kFa2D# at temperature T=TF $ 0.27. We compare
our result (blue solid line) with the experimental data at
T=TF $ 0.27 [13] (red symbols), the weak-coupling result
(green dashed-dotted line), and QMC calculations at T $ 0
[11] (cyan dashed line).
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Luttinger-Ward approach

• repeated particle-particle scattering dominant in dilute gas:

                                                    self-consistent T-matrix 

                                                    self-consistent fermion propagator
                                                    (300 momenta / 300 Matsubara frequencies)   

• spectral function A(k,ε) at Tc                   pressure equation of state

Haussmann et al. 2009

Finite temperature QMC calculations of the spectral func-
tion at unitarity by Bulgac et al. !67" indicate the presence of
a gapped particle excitation spectrum of form #4.1$ also

above the critical temperature, which is not found in our
approach. More generally, it is evident from the spectral
functions of the unitary gas above Tc which are shown in
Fig. 3 that a simple pseudogap ansatz for the spectral func-
tion !69" is not consistent with our results. As can be seen
from the lower three graphs in Fig. 3, our approach leads to
a single, broad, ungapped excitation peak with a quadratic
dispersion at temperatures T!Tc instead of two excitation
branches with a gapped BCS-like dispersion as expected
from the pseudogap approach. In particular we do not ob-
serve a strong suppression of spectral weight near the chemi-
cal potential.

Apart from the dominant peaks discussed above our spec-
tral functions show some additional structures that have
much smaller weight, however. Specifically, at unitarity and
temperatures above Tc a small second peak is visible for k
"kF in Fig. 3. At T=0.3TF this residual peak contains %17%
of the spectral weight. The situation is similar on the BEC
side of the Feshbach resonance at v=1, where above Tc a
second peak at negative energies is present for k"kF, with a
spectral weight of %22%.

Recent experiments by Stewart et al. !19" have succeeded
to perform rf spectroscopy in a momentum-resolved manner
from which one directly obtains the hole spectral function
A!#k ,#$ as a function of both momentum and energy. A

FIG. 3. #Color$ Density plots of the spectral function A#k ,#$ at unitarity !v=1 / #kFa$=0" for different temperatures. From top left to
bottom right: T /TF=0.01, 0.06, 0.14, 0.160#Tc$, 0.18, and 0.30. The white horizontal lines mark the chemical potential $. At temperatures
smaller than the superfluid transition temperature Tc two quasiparticle structures with a BCS-like dispersion can be seen. The width of the
spectral peaks is of the same order as the quasiparticle energy. With increasing temperature the two branches gradually merge into a single
quasiparticle structure with a quadratic dispersion above Tc. Note, however, that the quadratic dispersion is shifted to negative frequencies
compared to the bare fermion dispersion relation. This Hartree shift is of the order of U=!0.46#F and is essentially responsible for the
shifted rf spectra in the normal phase in Fig. 6.
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FIG. 4. #Color online$ The spectral function A#k ,#$ as a func-
tion of # for selected fixed values k at unitarity v=1 / #kFa$=0 and at
criticality T /TF=0.160#Tc$. The selected values of the wave number
k are represented by the colors of the lines corresponding to the
peaks from left to right: k /kF=0.00 #black$, 0.52 #red$, 0.77 #or-
ange$, 1.00 #green$, 1.26 #cyan$, 1.51 #blue$, and 2.02 #magenta$.
The different methods for calculating the spectral function are dis-
tinguished by the line styles: maximum-entropy method #solid
lines$ and Padé approximation #dashed lines$.

SPECTRAL FUNCTIONS AND RF RESPONSE OF… PHYSICAL REVIEW A 80, 063612 #2009$

063612-11

Haussmann 1993, 1994;
Haussmann et al. 2007

sition temperature by a factor !4e"!1/3#0.45. The nonana-
lytic dependence of the BCS-transition temperature on the
dimensionless coupling constant kFa thus gives rise to a fi-
nite change in the prefactor in Eq. !3.1" from the BCS value
0.61 to 0.28, even though the contribution of induced inter-
actions is of order kFa compared to the bare interaction.

On the BEC side, the zeroth-order result for the critical
temperature is obtained from the value

Tc
!BEC" = 3.31

!2nB
2/3

mB
= 0.218"F, !3.3"

obtained for an ideal Bose gas with density nB=n /2 and
mass mB=2m. The leading corrections to this result arise
from the residual interactions between the strongly bound
bosonic dimers. As shown by Petrov et al. $20,50%, these
interactions can be described by a positive dimer-dimer scat-
tering length add#0.60a. With the quite plausible assump-
tion that the total potential energy in a dilute gas of dimers is
the sum of its two-body interactions, the scattering length of
the four-fermion problem determines the corresponding in-
teraction constant in the theory of a weakly interacting Bose
gas in the regime of a small gas parameter nB

1/3add!1, where
Bogoliubov theory is applicable. The exact dependence of
the critical temperature of the dilute, repulsive Bose gas on

the interaction strength has been calculated only in recent
years. To lowest order in the interaction, the shift is positive
and linear in the scattering length $51%,

Tc/Tc
!BEC" = 1 + cnB

1/3add + ¯ , !3.4"

with a numerical constant c#1.31 $52,53%. As a result, the
evolution of the critical temperature in the homogeneous
case as a function of the dimensionless coupling constant v
=1/kFa necessarily exhibits a maximum, since the
asymptotic ideal Bose gas result is approached from above.
Such a maximum was found in the early calculations of Tc
along the BCS-BEC crossover by Nozières and Schmitt-Rink
$54% and by Randeria $55%. The precise height and location of
this maximum, however, have not been determined so far in
a quantitatively reliable manner. Given that our present
theory exhibits a first-order transition, there is a range of
multivaluedness of the thermodynamic potentials as a func-
tion of temperature. This regime is bounded in Fig. 4 by the
upper and lower Tc curves, respectively. The lower Tc curve
!shown as the red dashed line" which is monotonic in v co-
incides with the Tc curve previously calculated $30% by
implementing the Thouless criterion coming from the normal
fluid side. In a situation where a true first-order transition is
expected, we would need to perform a Maxwell construction
to obtain the proper transition line. As was discussed above,
however, the first-order transition is an artifact of the ap-
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FIG. 4. !Color online" #c
!lower" !red dashed line" and #c

!upper"

!solid black line, identified as Tc" compared with the Shohno result
!blue dot-dashed line" with add

!B"=2a and the exact !QMC" result
!light-blue squares" with $Tc /TBEC=cnB

1/3addand c=1.31 and add
=0.60a. The yellow dashed line and green triangles show the BCS
result without and with Gorkov and Melik-Barkhudarov
corrections.
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FIG. 5. !Color online" S!T" at various interaction strengths v.

FIG. 6. !Color" Entropy as a function of # and v obtained using
Eqs. !2.50" and !2.63".

FIG. 7. !Color" Pressure as a function of # and v obtained using
Eqs. !2.48" and !2.58".
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Nozières & Schmitt-Rink 1985;
2D: Engelbrecht & Randeria 1990

step 1: compute many-body T-matrix

two-body T-matrix: T0(E) =
4⇡/m

ln("B/E) + i⇡

many-body: finite density medium scattering    Schmidt, Enss, Pietilä & Demler 2012

T�1(q,!) = T�1
0 (! + i0 + µ" + µ# � "q/2) +

Z
d2k

(2⇡)2
nF ("k � µ") + nF ("k+q � µ#)

! + i0 + µ" + µ# � "k � "k+q

we find compact solution

Many-body T-matrix



Polaron self-energy

step 2: (polaron) self-energy

step 3: (polaron) spectral function

A#(p,!) = �2 Im
1

! + i0 + µ# � "p � ⌃#(p,!)

⌃#(p,!) =

Z

k<kF

d2k

(2⇡)2
T (k+ p, "k � µ" + !)

contains full information about
energy spectrum, quasiparticle weights, decay rates...



2D spectral function

• from self-consistent Luttinger-Ward calculation:
robust pseudogap up to 3x Tc

μ is taken to be the same for both species in a spin-balanced
gas. The energy scale is set by the Fermi energy εF !
kBTF ! ℏ2k2F=2m for a total density n ! k2F=2π. The bare
attractive contact interaction g0 has to be regularized and
is expressed in terms of the physical binding energy εB of
the two-body bound state which is always present in an
attractive 2D Fermi gas. We define the 2D scattering length
as a2D ! ℏ=

!!!!!!!!!
mεB

p
and parametrize the interaction strength

by ln"kFa2D# ! ln"2εF=εB#=2. In the following, we set
kB ! 1, ℏ ! 1, and write β ! 1=kBT.
We investigate the behavior of the strongly interacting

Fermi gas in the normal state using the Luttinger-Ward, or
self-consistent T-matrix, approach [14,15], which goes
beyond earlier works [6,16] by including approximately
the interaction between dimers as well as dressed Green’s
functions. Thermodynamic precision measurements for the
unitary Fermi gas in 3D [17] have confirmed the accuracy
of this method, both for the value of Tc=TF ! 0.16"1# and
the Bertsch parameter ξ ! 0.36"1# [15,17]. Recently, the
Luttinger-Ward approach has been extended to study trans-
port properties [18]. The success of this method in three
dimensions encourages its application to the homogeneous
2D Fermi gas, which is particularly challenging due to the
logarithmic energy dependence of the scattering amplitude.
Within the Luttinger-Ward approach, pairs of dressed

fermions with Green’s function G"k;ω# ! $!ω% εk ! μ !
Σ"k;ω#&!1 can form virtual molecules whose dynamics are
described by the T matrix Γ"K;Ω#. The fermions can scatter
from these molecules, which determines their lifetime and
self-energy Σ"k;ω# (see Supplemental Material [19]). From
the self-consistent solution G"k;ω# one obtains the spectral
function A"k;ω# ! ImG"k;ω% i0#=π.

Density of states.—The density of states ρ"ω# describes at
which energies fermionic quasiparticles can be excited, and is
computed as the momentum average of the spectral function,
ρ"ω# !

R
dkA"k;ω#="2π#2. Figure 1 shows the density of

states for an interaction strength of ln"kFa2D# ! 0.8, which
is weak enough that there should be a Fermi surface at low
temperatures [20]. For decreasing temperature, we see that
the density of states is strongly suppressed at the chemical
potential, while it increases on either side of the Fermi
surface. This marks the pseudogap regimewhich is part of the

FIG. 1 (color online). Density of states ρ"ω#, normalized by
ρ0 ! m=2π for the free Fermi gas, at interaction ln"kFa2D# ! 0.8
for different temperatures: T ! 0.45TF (top curve at ω ! 0) to
T ! 0.07TF (bottom). Inset: Spectral function A"k;ω# for
T ! 0.07TF. The grey dashed line marks the maximum in the
spectral weight of the bottom band.

FIG. 2 (color online). Density n of the 2D Fermi gas vs chemical
potential βμ, for different interaction strengths βεB (see legend).
Since the density is normalized by n0"βμ# for the noninteracting
gas, the nonmonotonic behavior of n=n0 reflects the impact of
interactions, while the compressibility κ ! "!n=!μ#=n2 is always
positive. The inset shows a typical trajectory in T=TF vs ln"kFa2D#
corresponding to the dotted line of fixed βεB ! 1. Along this line,
βμ increases with decreasing T=TF.

FIG. 3 (color online). Pressure P vs interaction strength,
normalized by the pressure P0 ! nεF=2 of an ideal Fermi gas
of the same density at T ! 0. Luttinger-Ward data at temperature
T=TF ! 0.2 (top, dotted line) to T=TF ! 0.1 (solid line) in
comparison with experimental data [10] (symbols) and T ! 0
QMC results [11] (dashed line).
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μ is taken to be the same for both species in a spin-balanced
gas. The energy scale is set by the Fermi energy εF !
kBTF ! ℏ2k2F=2m for a total density n ! k2F=2π. The bare
attractive contact interaction g0 has to be regularized and
is expressed in terms of the physical binding energy εB of
the two-body bound state which is always present in an
attractive 2D Fermi gas. We define the 2D scattering length
as a2D ! ℏ=

!!!!!!!!!
mεB

p
and parametrize the interaction strength

by ln"kFa2D# ! ln"2εF=εB#=2. In the following, we set
kB ! 1, ℏ ! 1, and write β ! 1=kBT.
We investigate the behavior of the strongly interacting

Fermi gas in the normal state using the Luttinger-Ward, or
self-consistent T-matrix, approach [14,15], which goes
beyond earlier works [6,16] by including approximately
the interaction between dimers as well as dressed Green’s
functions. Thermodynamic precision measurements for the
unitary Fermi gas in 3D [17] have confirmed the accuracy
of this method, both for the value of Tc=TF ! 0.16"1# and
the Bertsch parameter ξ ! 0.36"1# [15,17]. Recently, the
Luttinger-Ward approach has been extended to study trans-
port properties [18]. The success of this method in three
dimensions encourages its application to the homogeneous
2D Fermi gas, which is particularly challenging due to the
logarithmic energy dependence of the scattering amplitude.
Within the Luttinger-Ward approach, pairs of dressed

fermions with Green’s function G"k;ω# ! $!ω% εk ! μ !
Σ"k;ω#&!1 can form virtual molecules whose dynamics are
described by the T matrix Γ"K;Ω#. The fermions can scatter
from these molecules, which determines their lifetime and
self-energy Σ"k;ω# (see Supplemental Material [19]). From
the self-consistent solution G"k;ω# one obtains the spectral
function A"k;ω# ! ImG"k;ω% i0#=π.

Density of states.—The density of states ρ"ω# describes at
which energies fermionic quasiparticles can be excited, and is
computed as the momentum average of the spectral function,
ρ"ω# !

R
dkA"k;ω#="2π#2. Figure 1 shows the density of

states for an interaction strength of ln"kFa2D# ! 0.8, which
is weak enough that there should be a Fermi surface at low
temperatures [20]. For decreasing temperature, we see that
the density of states is strongly suppressed at the chemical
potential, while it increases on either side of the Fermi
surface. This marks the pseudogap regimewhich is part of the

FIG. 1 (color online). Density of states ρ"ω#, normalized by
ρ0 ! m=2π for the free Fermi gas, at interaction ln"kFa2D# ! 0.8
for different temperatures: T ! 0.45TF (top curve at ω ! 0) to
T ! 0.07TF (bottom). Inset: Spectral function A"k;ω# for
T ! 0.07TF. The grey dashed line marks the maximum in the
spectral weight of the bottom band.

FIG. 2 (color online). Density n of the 2D Fermi gas vs chemical
potential βμ, for different interaction strengths βεB (see legend).
Since the density is normalized by n0"βμ# for the noninteracting
gas, the nonmonotonic behavior of n=n0 reflects the impact of
interactions, while the compressibility κ ! "!n=!μ#=n2 is always
positive. The inset shows a typical trajectory in T=TF vs ln"kFa2D#
corresponding to the dotted line of fixed βεB ! 1. Along this line,
βμ increases with decreasing T=TF.

FIG. 3 (color online). Pressure P vs interaction strength,
normalized by the pressure P0 ! nεF=2 of an ideal Fermi gas
of the same density at T ! 0. Luttinger-Ward data at temperature
T=TF ! 0.2 (top, dotted line) to T=TF ! 0.1 (solid line) in
comparison with experimental data [10] (symbols) and T ! 0
QMC results [11] (dashed line).
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Density equation of state

• density normalized by density of ideal gas: maximum, 
density driven crossover

μ is taken to be the same for both species in a spin-balanced
gas. The energy scale is set by the Fermi energy εF !
kBTF ! ℏ2k2F=2m for a total density n ! k2F=2π. The bare
attractive contact interaction g0 has to be regularized and
is expressed in terms of the physical binding energy εB of
the two-body bound state which is always present in an
attractive 2D Fermi gas. We define the 2D scattering length
as a2D ! ℏ=

!!!!!!!!!
mεB

p
and parametrize the interaction strength

by ln"kFa2D# ! ln"2εF=εB#=2. In the following, we set
kB ! 1, ℏ ! 1, and write β ! 1=kBT.
We investigate the behavior of the strongly interacting

Fermi gas in the normal state using the Luttinger-Ward, or
self-consistent T-matrix, approach [14,15], which goes
beyond earlier works [6,16] by including approximately
the interaction between dimers as well as dressed Green’s
functions. Thermodynamic precision measurements for the
unitary Fermi gas in 3D [17] have confirmed the accuracy
of this method, both for the value of Tc=TF ! 0.16"1# and
the Bertsch parameter ξ ! 0.36"1# [15,17]. Recently, the
Luttinger-Ward approach has been extended to study trans-
port properties [18]. The success of this method in three
dimensions encourages its application to the homogeneous
2D Fermi gas, which is particularly challenging due to the
logarithmic energy dependence of the scattering amplitude.
Within the Luttinger-Ward approach, pairs of dressed

fermions with Green’s function G"k;ω# ! $!ω% εk ! μ !
Σ"k;ω#&!1 can form virtual molecules whose dynamics are
described by the T matrix Γ"K;Ω#. The fermions can scatter
from these molecules, which determines their lifetime and
self-energy Σ"k;ω# (see Supplemental Material [19]). From
the self-consistent solution G"k;ω# one obtains the spectral
function A"k;ω# ! ImG"k;ω% i0#=π.

Density of states.—The density of states ρ"ω# describes at
which energies fermionic quasiparticles can be excited, and is
computed as the momentum average of the spectral function,
ρ"ω# !

R
dkA"k;ω#="2π#2. Figure 1 shows the density of

states for an interaction strength of ln"kFa2D# ! 0.8, which
is weak enough that there should be a Fermi surface at low
temperatures [20]. For decreasing temperature, we see that
the density of states is strongly suppressed at the chemical
potential, while it increases on either side of the Fermi
surface. This marks the pseudogap regimewhich is part of the

FIG. 1 (color online). Density of states ρ"ω#, normalized by
ρ0 ! m=2π for the free Fermi gas, at interaction ln"kFa2D# ! 0.8
for different temperatures: T ! 0.45TF (top curve at ω ! 0) to
T ! 0.07TF (bottom). Inset: Spectral function A"k;ω# for
T ! 0.07TF. The grey dashed line marks the maximum in the
spectral weight of the bottom band.

FIG. 2 (color online). Density n of the 2D Fermi gas vs chemical
potential βμ, for different interaction strengths βεB (see legend).
Since the density is normalized by n0"βμ# for the noninteracting
gas, the nonmonotonic behavior of n=n0 reflects the impact of
interactions, while the compressibility κ ! "!n=!μ#=n2 is always
positive. The inset shows a typical trajectory in T=TF vs ln"kFa2D#
corresponding to the dotted line of fixed βεB ! 1. Along this line,
βμ increases with decreasing T=TF.

FIG. 3 (color online). Pressure P vs interaction strength,
normalized by the pressure P0 ! nεF=2 of an ideal Fermi gas
of the same density at T ! 0. Luttinger-Ward data at temperature
T=TF ! 0.2 (top, dotted line) to T=TF ! 0.1 (solid line) in
comparison with experimental data [10] (symbols) and T ! 0
QMC results [11] (dashed line).
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n = 2

Z
d" f(")⇢(")

n0 = 2 ln(1 + e�µ)/�2
T

tion and theory (23). At low temperatures, the
reduced chemical potential m/EF saturates to the
universal value x. As the internal energy E and
the free energy F satisfy E(T ) > E(0) = 3

5N xEF =
F(0) > F(T ) for all T, the reduced quantities
fE ! 5

3
E

NEF
! p̃ and fF ! 5

3
F

NEF
! 5

3
m
EF
" 2

3 p̃ (Fig.
3A) provide upper and lower bounds for x (29).
Taking the coldest points of these three curves and
including the systematic error due to the effective
interaction range, we find x = 0.376(4). The un-
certainty in the Feshbach resonance is expected
to shift x by at most 2% (13). This value is con-
sistent with a recent upper bound x < 0.383(1) from
(30), is close to x = 0.36(1) from a self-consistent
T-matrix calculation (23), and agrees with x =
0.367(9) from an epsilon expansion (31). It lies
below earlier estimates x = 0.44(2) (32) and x =
0.42(1) (33) from fixed-node quantumMonteCarlo
calculation that provides upper bounds on x. Our
measurement agrees with several less accurate ex-
perimental determinations (6) but disagrees with
the most recent experimental value 0.415(10) that
was used to calibrate the pressure in (12).

From the energy, pressure, and chemical po-
tential, we can obtain the entropy S = 1

T(E + PV "
mN), and hence the entropy per particle S=NkB !
TF
T

p̃ "
m
EF

! "
as a function of T/TF (Fig. 3B). At

high temperatures, S is close to the entropy of
an ideal Fermi gas at the same T/TF. Above Tc,
the entropy per particle is nowhere small com-
pared with kB. Also, the specific heat CV is not
linear in T in the normal phase. This shows that
the normal regime above Tc cannot be described in
terms of a Landau Fermi Liquid picture, although
some thermodynamic quantities agree surpris-
ingly well with the expectation for a Fermi liquid
[see (12) and (13)]. Below about T/TF = 0.17, the
entropy starts to strongly fall off comparedwith that
of a noninteracting Fermi gas, which we again
interpret as the freezing out of single-particle excita-
tions as a result of the formation of fermion pairs.
Far below Tc, phonons dominate. They only have a
minute contribution to the entropy (23), less than
0.02 kB at T/TF = 0.1, consistent with our measure-
ments. At the critical point, we obtain Sc = 0.73(13)
NkB, in agreement with theory (23). It is encourag-
ing for future experiments with fermions in optical
lattices that we obtain entropies less than 0.04 N
kB, far below critical entropies required to reach
magnetically ordered phases.

From the chemical potential m/EF andT=TF !
4p

"3p2#2=3
1

"nl3#2=3, we finally obtain the density EoS

n(m,T ) ! 1
l3
fn"bm#, with the de Broglie wave-

length l !
########
2p!2
mkBT

q
. The pressure EoS follows

as P(m,T ) ! kBT
l3

fP"bm#, with fP ! 2
5
TF
T p̃fn"bm#.

Figure 4 shows the density and pressure nor-
malized by their noninteracting counterparts at
the same chemical potential and temperature. For
the normal state, a concurrent theoretical calcu-
lation employing a new Monte Carlo method
agrees excellently with our data (34). Our data

deviate from a previous experimental determi-
nation of the pressure EoS (12) that was cal-
ibrated with an independently measured value of

x = 0.415(10) (35) and disagree with the energy
measurement in (11) that used a thermometry in-
consistent with the Virial expansion (10). Around
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solid circles) is normalized by the Fermi energy EF, and E (black solid circle) and F (green solid circle) are
normalized by E0 = 3

5N EF. At high temperatures, all quantities approximately track those for a non-
interacting Fermi gas, shifted by xn ! 1 (dashed curves). The peak in the chemical potential signals the
onset of superfluidity. In the deeply superfluid regime at low temperatures, m/EF, E/E0, and F/F0 all approach
x (blue dashed line). (B) Entropy per particle. At high temperatures, the entropy closely tracks that of a
noninteracting Fermi gas (black solid curve). The open squares are from the self-consistent T-matrix
calculation (23). A few representative error bars are shown, representing mean T SD.
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Phase diagram

• determine Tc from Thouless criterion for finite size system:

normal phase, but with anomalous properties due to the lack
of low-energy fermionic excitations. There is no uniquely
defined temperature associated with this crossover, so for
concreteness we define the pseudogap temperature T! as the
temperature where the density of states at the chemical
potential drops by 25% of the value at the left fringe.
The full spectral function A"k;ω#, shown in the inset of

Fig. 1 for a temperature of T=TF $ 0.07 slightly above Tc,
shows a BCS-like dispersion with a clear reduction of
spectral weight near the Fermi energy. While the upper
branch has a minimum at a finite wave vector k≃ kF, the
lower branch exhibits “backbending” towards lower energy
for large momenta (cf. Ref. [6]). We note that backbending
alone is not sufficient to define the pseudogap regime and can
also arise for other reasons in the occupied spectral function
[21]. The two-peak structure of the k $ 0 spectral function
qualitatively agrees with the momentum-resolved rf spectrum
measured at ln"kFa2D# $ 0.8 [4], which is the only meas-
urement that may lie within the pseudogap regime [20]. For
stronger attraction, the pseudogap regime eventually crosses
over into preformed fermion pairs, where the Fermi surface
is lost (μ < 0) and the spectral function resembles the one
predicted using the virial expansion [20,22].
Density equation of state.—The total density of both spin

components follows from the density of states as n $
2
R!
"! dεf"ε#ρ"ε#, where f"ε# is the Fermi distribution.

In Fig. 2, we plot the density equation of state n"βμ; βεB# as
a function of βμ for different values of the interaction
parameter βεB. This manner of plotting the equation of state
allows one to make a direct connection with experiments
in trapped gases, since the density vs chemical potential at
fixed βεB can be easily extracted from the measured density
profile in a trap [17]. To expose the effects of interactions,
we normalize the density n by that of the ideal Fermi
gas, n0 $ 2 ln"1% eβμ#=λ2T , where λT $

!!!!!!!!!!!!!!!
2π=mT

p
is the

thermal wavelength. In the high-temperature limit where

βμ ! "!, all properties approach those of an ideal
Boltzmann gas. However, with decreasing temperature,
we find that n=n0 eventually exhibits a maximum around
βμ≃ 0, implying that interactions are strongest at inter-
mediate temperatures. This is easily understood from the
fact that decreasing T=TF at fixed βεB results in an in-
creasing ln"kFa2D#, as shown in the inset of Fig. 2. Thus,
we likewise expect the system to approach a weakly
interacting gas in the low temperature regime. This behav-
ior is qualitatively different from that observed in 3D [17],
and is a direct consequence of the fact that one can have
a density-driven BCS-Bose crossover in 2D. The curves for
large βεB are shown up to the critical value μc"βεB# where
the system is expected to enter the BKT phase.
Pressure.—The pressure is obtained by integrating the

density according to the Gibbs-Duhem relation, P"μ#T;εB $R
μ
"! n"μ0#dμ0. Figure 3 shows the Luttinger-Ward data for
finite temperatures T=TF $ 0.2 (top) to 0.1 (bottom): the
pressure decreases from the free Fermi pressure in the BCS
limit to the much lower pressure of a dilute Bose gas in the
BKT limit. This is a strong coupling effect beyond the
mean-field BCS prediction P $ P0 at T $ 0 [10,11]. As
the temperature is lowered, our data approach the T $ 0
QMC results [11] (dashed line). A recent measurement at low
temperatures T=TF ≃ 0.04…0.12 [10] (symbols) found a
deviation from the T $ 0 pressure in the BCS limit, attributed
to mesoscopic effects. We, however, find that the T=TF ≃ 0.1
pressure from the Luttinger-Ward calculation agrees well with
experiment in this regime, thus, suggesting that the discrep-
ancy is in large part due to the effect of temperature.
Phase diagram of the 2D Fermi gas.—The BKT transition

at a finite temperature Tc marks the onset of a nonzero
superfluid density ρs and algebraically decaying correlations
[7,8]. The jump in ρs=n at Tc is universal for a Bose
superfluid and becomes exponentially small of order Tc=TF
on the weak-coupling BCS side [23]. The transition

FIG. 4 (color online). Critical temperature Tc=TF vs interaction
strength ln"kFa2D#. The Luttinger-Ward result for a finite system
(blue solid line) in the crossover region ln"kFa2D#≳ 0 is compared
with analytical limits [12]. The red dots mark the crossover
temperature T! to the pseudogap regime for ln"kFa2D#≳ 1.

FIG. 5 (color online). Contact density C vs interaction
strength 1= ln"kFa2D# at temperature T=TF $ 0.27. We compare
our result (blue solid line) with the experimental data at
T=TF $ 0.27 [13] (red symbols), the weak-coupling result
(green dashed-dotted line), and QMC calculations at T $ 0
[11] (cyan dashed line).
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Phase diagram (experimental)

Tc=TF by the intersection of linear fits to the regimes above
and below the phase transition. For the example shown in
Fig. 3, this results in a critical temperature of
Tc=TF ! 0.129"35#, where the statistical uncertainty is
obtained from the standard errors of the two linear fits. The
critical phase space density is !c ! n0;c"2dB;c ! 3.9"6#,
where "dB;c and n0;c are the thermal de Broglie wavelength
and the peak in situ density at the critical temperature,
respectively.
By repeating this analysis for all investigated interaction

strengths, we obtain the transition temperature as a function
of the interaction parameter ln"kFa2D#. The resulting values
are shown as black dots in Fig. 4 together with the
corresponding non-Gaussian fraction Nq=N, which is
displayed as a color scale. Comparing the data for
Tc=TF and Nq=N, one finds that the phase transition
occurs at a significant non-Gaussian fraction of Nq=N !
0.3 for all measured interaction strengths.
On the BEC side of the phase diagram, one observes a

slow increase of the measured critical temperature towards
the crossover region. Within their statistical uncertainties,
the measured values of Tc=TF are in good agreement with
an effective description in terms of 2D bosons [52]. This
theoretical prediction describes a BKT transition into a
superfluid phase with algebraically decaying phase coher-
ence. Interestingly, the bosonic theory provides a reasonable
description of the data up to ln"kFa2D# ! 0, where the 2D
scattering amplitude diverges. This indicates that the fer-
mionic nature of the constituents of the bosonic dimers has
only a small effect on the many-body physics of the system
up to this point. The crossover to a fermionic description
should thus occur at positive values of ln"kFa2D#. This is in
line with recent theoretical predictions [6,53].
Far on the BCS side, fermionic theories predict an expo-

nential decrease of Tc=TF [7,54]. Although we can only give

an upper limit for the critical temperature Tc=TF " 0.16
for ln"kFa2D# # 2, the observed non-Gaussian fraction is
consistent with a decrease towards the BCS limit. However,
Tc=TF is systematically above the theoretical predictions for
ln"kFa2D# > 0 [7,8,52]. Part of this deviation might be due to
the residual influence of the third dimension. In our system,
residual axial excitations grow with increasing ln"kFa2D#
[27]. Recently, it was predicted that they would lead to an
increased critical temperature [55]. Additionally, the three-
dimensional internal structure of atom pairs might lead to
corrections in the regime where EB ! ℏ#z, which go beyond
the two-body sector. Whether this effect has any influence on
the measured phase diagram still needs further experimental
and theoretical consideration. Initial steps in this direction
have been taken [56].
Our work constitutes a basis for future theoretical and

experimental studies of quantum gases in the quasi-2D
BEC-BCS crossover. The measured critical temperature
suggests the validity of BKT theory on the bosonic side.
Superfluidity and the algebraic decay of correlations below
the transition remain to be validated. Indeed, our ability to
extract the in situ momentum distribution with negligible
distortion offers direct access to the coherence properties of
the system. A first analysis of the trap averaged first order
correlation function, which we obtain by Fourier trans-
forming the pair momentum distribution, suggests algebrai-
cally decaying phase correlations below the critical
temperature. However, because of the inhomogeneity of
our system, a careful analysis is required to unambiguously
confirm the BKT nature of the observed transition.
Additionally, the equation of state can be extracted from
the density distribution in the trap. Finally, the exploration of
the dimensional crossover to 3D, in which an increased
Tc=TF is predicted [55], offers new opportunities to under-
stand mechanisms which lead to high critical temperatures.

The authors would like to thank T. Enss, J. Levinsen, P.
Massignan, L. Mathey, M. M. Parish, and J. M. Pawlowski
for the valuable discussions, and J. H. Becher, J. E. Bohn,
and S. Pres for their contributions to the construction
of the 2D setup. The authors also gratefully acknowledge
support from ERC Starting Grant No. 279697, ERC
Advanced Grant No. 290623, the Helmholtz Alliance
HA216/EMMI, and the Heidelberg Center for Quantum
Dynamics. M. G. R. and I. B. acknowledge support by the
Landesgraduiertenförderung Baden-Württemberg.
M. G. R., A. N.W., and G. Z. contributed equally to

this work.

*To whom all correspondence should be addressed.
mries@physi.uni‑heidelberg.de

†Present address: MIT-Harvard Center for Ultracold Atoms,
MIT, Cambridge, MA 02139, USA.

[1] M. R. Norman, Science 332, 196 (2011).
[2] P. A. Lee, N. Nagaosa, and X.-G. Wen, Rev. Mod. Phys. 78,

17 (2006).

-8 -6 -4 -2 0 2 4
0.0

0.1

0.2

0.3

BEC
T

/T
F

ln(kFa2D)

0.00

0.10

0.20

0.30

0.40

0.50
Nq/N

BCS

FIG. 4 (color online). Phase diagram of the strongly interacting
2D Fermi gas. The experimentally determined critical temperature
Tc=TF is shown as black data points and the error bars indicate the
statistical errors. Systematic uncertainties are discussed in detail in
Ref. [27]. The color scale indicates the nonthermal fraction Nq=N
and is linearly interpolated between the measured data points (the
white crosses). Each data point is the average of about 30
measurements. The dashed white line is the theoretical prediction
for the BKT transition temperature given in Ref. [52].

PRL 114, 230401 (2015) P HY S I CA L R EV I EW LE T T ER S week ending
12 JUNE 2015

230401-4

time scales. After an expansion time of texp ! τ=4,
where τ ! 1=νexp is the period of the harmonic potential,
the position of each particle depends only on its initial
momentum in the radial plane. Thus n"x; t ! τ=4# !
~n(ℏk="mωexp#; t ! 0) and hence, by imaging the density
profile after texp ! τ=4, wegain direct access to the initial 2D
momentum distribution [38,39,41]. In our case, the radial
trap frequency is ωexp ≃ 2π ! 10 Hz, which leads to texp !
25 ms [27]. In contrast to conventional time-of-flight
expansion,where the initial spatial distribution of the sample
influences the obtainedmomentumdistribution—especially
at low momenta—distortions are negligible in this method.
By combining the interaction quench with the projection

onto molecules and the τ=4 momentum imaging, we are
able to access the radial in situ pair momentum distribution
~n"k# in the whole crossover regime.
Figure 2(b) shows the obtained pair momentum distribu-

tions for the coldest attainable temperature at different
interaction strengths. One observes a dramatic enhancement
at lowmomentawhichmanifests itself in a sharp central peak.
This feature is strongest on the BEC side and persists above
ln"kFa2D# ! 0 and the 3D Feshbach resonance, until it
vanishes at ln"kFa2D# ! 3.2 on the BCS side. Comparing
the data at the two largest depicted values of ln"kFa2D#, one
observes that the peak momentum density ~n0 changes by
almost an order ofmagnitude,whereas the in situpeak density
n0 changes by less than 10%.As ~n0 is a measure for the long-
range coherence of the system [45], the observed abrupt
change indicates the phase transition to the condensed phase.
For amore quantitative analysis of our data,we azimuthally

average the pair momentum distribution. Figure 3(a) shows
the obtained radial distribution for the coldest accessible
temperature measured at 782 G, which corresponds to
lz=a3D ! 1.55 [ln"kFa2D# ! "0.51].We extract the temper-
ature T of the sample from the high momentum tail of the
radial distribution, which is well described by a Gaussian.
Note that before the ramp of the interaction strength, the
thermal part of the gas consists of molecules for
lz=a3D > 0.55, free atoms for lz=a3D < "0.46, and a
mixtureof atoms andmolecules between these two interaction
strengths [27]. For each investigated interaction strength and
temperature, we determine the Fermi wave vector and the
Fermi temperature from the in situ peak density according to
k2F ! 2mkBTF=ℏ2 ! 4πn0. Here, m refers to the mass of a
6Li atom and kB is Boltzmann’s constant. This definition
employs the local density approximation at the trap center and
allows us to compare the obtained data to predictions for the
homogeneous system. Note that n0 ! n0;j1i ! n0;j2i, where
n0;jii is the peak density of atoms in state jii.
At low momenta, a fraction of the momentum density

lies above the Gaussian fit [the gray area in Fig. 3(a)]. We
define this quantity as the nonthermal fraction Nq=N [46]
and investigate its behavior as a function of the degeneracy
temperature T=TF [see Fig. 3(b)]. While the non-Gaussian
fraction vanishes for T=TF ≳ 0.5, it slowly grows for

decreasing temperatures. For T=TF ≲ 0.2, the slope
increases until we reach Nq=N ! 0.6 for the coldest
samples. This is in agreement with theoretical predictions
[47–49] and previous experimental results [40,45,50,51],
which find a presuperfluid increase of low-momentum
states for temperatures above the superfluid transition
temperature Tc. This behavior inhibits a precise determi-
nation of the transition temperature Tc from Nq=N. To
obtain an estimate for the critical temperature, we instead
plot the normalized peak momentum density ~n0=n0 as a
function of temperature, as shown in Fig. 3(c). This
quantity is a measure for the fraction of the sample which
exhibits long-range phase coherence [45]. The innermost
pixel of the momentum distribution corresponds to a
coherence length well above 20 μm, which is approxi-
mately 1 order of magnitude larger than the thermal
wavelength of the coldest samples. The normalized peak
momentum density shows a sudden change of slope which
we assume will occur at the phase transition. We estimate
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FIG. 3 (color online). Quantitative analysis of the momentum
distribution at lz=a3D ! 1.55. (a) Radial momentum distribution
~n"k# at the coldest accessible temperature. We logarithmically
plot ~n"k# as a function of k2. The thermal wing thus appears as a
straight line from which we extract the temperature of the sample
with a Boltzmann fit (line). The figure is the average of about 30
individual measurements. (b) Nonthermal fraction Nq=N as a
function of T=TF. Nq is indicated by the gray area in (a).
(c) Normalized peak momentum density ~n0=n0 as a function of
T=TF. The intersection of linear fits to the high and low
temperature regime yields the critical temperature Tc=TF. Each
data point in (b) and (c) is the average of about 30 individual
measurements; the error bars indicate the standard error of the
mean. Solid lines indicate the fitted data range.
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The condensation of fermion pairs lies at the heart of superfluidity. However, for strongly correlated
systems with reduced dimensionality the mechanisms of pairing and condensation are still not fully
understood. In our experiment we use ultracold atoms as a generic model system to study the phase
transition from a normal to a condensed phase in a strongly interacting quasi-two-dimensional Fermi gas.
Using a novel method, we obtain the in situ pair momentum distribution of the strongly interacting system
and observe the emergence of a low-momentum condensate at low temperatures. By tuning temperature
and interaction strength, we map out the phase diagram of the quasi-2D BEC-BCS crossover.

DOI: 10.1103/PhysRevLett.114.230401 PACS numbers: 03.75.Ss, 03.75.Hh, 67.10.Db, 67.85.Lm

The characteristics of quantum many-body systems are
strongly affected by their dimensionality and the strength of
interparticle correlations. In particular, strongly correlated
two-dimensional fermionic systems have been of interest
because of their connection to high-Tc superconductivity.
Although they have been the subject of intense theoretical
studies [1–8], a complete theoretical framework has not yet
been established.
Ultracold quantum gases are an ideal realization for

exploring strongly interacting 2D Fermi gases, as they offer
the possibility of independently tuning the dimensionality
and the strength of interparticle interactions. Reducing the
dimensionality [9] led to the observation of a Berezinskii-
Kosterlitz-Thouless (BKT)-type phase transition to a super-
fluid phase in weakly interacting 2D Bose gases [10,11].
Tuning the strength of interactions in a three-dimensional
two-component Fermi gas made it possible to explore
the crossover between a molecular Bose-Einstein
Condensate (BEC) and a BCS superfluid [12–15].
Recently, efforts have been made to combine reduced

dimensionality with the tunability of interactions and to
experimentally explore ultracold 2D Fermi gases [16–21].
However, the phase transition to a condensed phase has not
yet been observed. Here, we report on the condensation of
pairs of fermions in the quasi-2D BEC-BCS crossover.
The BEC-BCS crossover smoothly links a bosonic

superfluid of tightly bound diatomic molecules to a
fermionic superfluid of Cooper pairs in 2D as well as
3D systems. However, changing the dimensionality leads to
some inherent differences. In two dimensions, there is a
two-body bound state for all values of the interparticle
interaction. Furthermore, because of the enhanced role of
fluctuations in 2D, true long-range order is forbidden for
homogeneous systems at finite temperature [22,23]. Still, a
low temperature superfluid phase with quasi-long-range
order can emerge due to the BKT mechanism [24,25].

In a 2D gas with contact interactions, the interactions can
be described by the 2D scattering length a2D. Using the
Fermi wave vector kF, the dimensionless crossover param-
eter is given by ln!kFa2D". The crossover regime is reached
for j ln!kFa2D"j≲ 1. For ln!kFa2D" ≪ −1, the binding
energy is large and the system consists of deeply bound
bosonic dimers. For ln!kFa2D" ≫ 1, the dimer binding
energy tends to zero. For a thermal energy kBT significantly
larger than the binding energy, the dimers are dissociated due
to thermal excitations and the system becomes fermionic.
Two-dimensional gases are realized by a strongly aniso-

tropic confinement, which leads to a freezing out of the
degrees of freedom in one spatial direction. Such a quasi-
2D gas captures the essential properties of a 2D system.
Corrections to the 2D physics may arise from the residual
influence of the third dimension.

trapping
beams

imaging
beam

camera

FIG. 1 (color online). Experimental setup. A quasi-2D gas (the
red disk) is created by loading a two-component ultracold Fermi
gas of 6Li atoms into a single layer of a standing-wave trap
created by two interfering laser beams (! # 1064 nm, the green
arrows) that cross under a small angle (14°). Using absorption
imaging along the vertical direction (the red arrow) we obtain the
column density of the sample.
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BKT phase

• algebraic correlations in BKT superfluid phase (Bose side), 
although exponent depends on trap geometry

Murthy+ (Jochim) PRL 2015

approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter ln!kFa2D" [25]. For
ln!kFa2D" ≪ −1 and ln!kFa2D" ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol # 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g #

!!!!!!
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC #

!!!!!!!
6N

p
!ℏωr=πkB" ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g # 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1!x;x0" #
hϕ̂†!x"ϕ̂!x0"i for different interaction strengths and temper-
atures, where ϕ̂!x" is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~n!k"
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~n!k", we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1!r" by means of a 2D Fourier transform of the measured
~n!k". It is related to the one-body density matrix ρ1!x;x0"
by means of

g1!r" #
Z

d2k ~n!k"eik·r

#
Z

d2Rρ1!R − r=2;R$ r=2": !1"

A derivation of these relations is given in Supplemental
Material [31]. The function g1!r" is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1!r; 0" # hϕ̂†!r"ϕ̂!0"i, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1!r".
Figure 1 shows the experimentally determined g1!r" for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1!0" # 1. As expected, at high temperatures, g1!r" decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1!r" for
different temperatures at ln!kFa2D"≃ −0.5 (upper left panel) and
ln!kFa2D"≃ 0.5 (lower left panel). The temperature scale used here
is t # T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1!r" ∝ r−η!T"]
with a temperature-dependent scaling exponent η!T". (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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New EoS calculations

• QMC calculation of equation of state (dots) vs Luttinger-Ward (lines):

nλ2T=2 ! z" 2b2z2 " 3b3z3 " # # #, where the factor of 1=2
on the left-hand side comes from the number of fermion
species. For the system studied here, the second-order
coefficient b2 is known analytically from the exact solution
of the two-body problem (see, e.g., Refs. [32,34]):

b2 ! !
1

4
" eβεB !

Z
"

0

dy
y

2e!βεBy
2

π2 " 4ln2y
: $4%

A calculation of b3 can be found in Ref. [32].
To calculate the pressure P, we integrate as follows:

Pλ4T ! 2π
Z

βμ

!"
nλ2Td$βμ%0; $5%

where we have put everything in dimensionless form using
the thermal wavelength scale. In Fig. 2 we show P, as
obtained from the above formula, in units of the pressure of
the noninteracting system P0λ4T ! 8πI0$z%. The virial
expansion of Eq. (3) is used in this integration to complete
the approach to the z ! 0 limit.
On the other hand, by taking a derivative of n, one

obtains the isothermal compressibility,

κ ! β
n2

!n
!$βμ%

!!!!
β
! λ4T

2π
1

$nλ2T%2
!$nλ2T%
!$βμ%

!!!!
β
: $6%

We report this quantity in Fig. 3, in units of its non-
interacting counterpart κ0, where (in dimensionless form)
κ0λ!4T ! $2=π%$n0λ2T%!2I2$z%, and I2$z% ! zdI1$z%=dz.
To calculate the contact, we use the grand-canonical

definition (see Refs. [32,39,41])

C" 2π
β

!$βΩ%
! ln$a2D=λT%

!!!!
T;μ

: $7%

From here, it is easy to see that the virial expansion for C
takes the form

βC ! 2πQ1$c2z2 " c3z3 " # # #%; $8%

where cn ! !!bn=! ln$a2D=λT%. Using Eq. (4), it is
straightforward to obtain the exact continuum-limit answer:

c2 ! 2βεBeβεB
"
1" 2

Z
"

0
dy

ye!βεB$y
2"1%

π2 " 4ln2y

#
: $9%

This result was likely used in Ref. [32], but we have not
found the explicit formula itself anywhere.
In our LMC calculations, we determine the contact via

the expectation value of the interaction energy V̂. Using the
definition of Eq. (7), along with !βΩ ! lnZ, where Z is
the grand-canonical partition function, we obtain
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FIG. 2 (color online). Pressure, in units of the noninteracting
pressure P0, of spin-1=2 fermions in 2D for coupling strengths
βεB ! 0.1, 0.5, 1, 2, 3 (from bottom to top), as a function of βμ.
The error bars reflect the statistical uncertainty. The long-and
short-dashed lines show the second- and third-order virial
expansion results, respectively.
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FIG. 1 (color online). Density equation of state, in units of the
noninteracting density n0 of spin-1=2 fermions in 2D, for
coupling strengths βεB ! 0.1, 0.5, 1, 2, 3 (from bottom to
top), as a function of βμ. The error bars reflect the statistical
uncertainty. The solid colored lines show the Luttinger-Ward
result of Ref. [31]. The long- and short-dashed lines show the
second- and third-order virial expansion results, respectively.
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FIG. 3 (color online). Compressibility, in units of the non-
interacting compressibility κ0, of spin-1=2 fermions in 2D for
coupling strengths βεB ! 0.1, 0.5, 1, 2, 3 (from top to bottom), as
a function of βμ. The error bars reflect the difference between a
smooth interpolation and the raw LMC data. The long- and short-
dashed lines show the second-and third-order virial expansion
results, respectively.
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Extract EoS from experiment

• use local density approximation (LDA): µ(~r) = µ0 � V (~r)

n(~r) = n(�µ(~r),�"B)

n(V ) = n(�(µ0 � V ),�"B)



Ground state chemical potential

• chemical potential (Thomas Fermi) vs attractive interaction strength2

single fermion becomes negative in the Bose limit and
approaches µ ⇡ �"B/2. The crossover point between
the Bose and Fermi limit can roughly be associated with
the zero-crossing of µ. A useful thermodynamic variable
is then found in µ̃ = µ + "B/2. The quantity µ̃ is de-
fined such that for zero temperature a nonzero density
n(µ) > 0 is equivalent to µ̃ > 0. At nonzero temperature
µ̃ remains positive for high phase space densities.

We extract the EOS of the homogeneous gas from the
trapped system by using the local density approximation
(LDA) which assigns a local chemical potential µ(~r) =
µ0�V (~r) to each point ~r in the trap [33]. In this way we
obtain the EOS of the homogeneous system nhom(µ, T )
from the measured local in-situ density of the inhomoge-
neous system according to n(~r) = n(µ0 � V (~r), T ) [34].
Since the trapping potential V (~r) is known su�ciently
well, the EOS is readily deduced once µ0 and T have
been determined. The extraction of the EOS of the ho-
mogeneous gas from the trapped one has been success-
fully applied to both bosonic and fermionic systems and
benchmarked with theoretical calculations [35–41].

In order to determine the low temperature equation
of state n(µ, T ⇡ 0, a2D) we extract µ̃0 from a Thomas–
Fermi (TF) fit of the central region of the cloud. The
TF model consists in assuming locally "F = c · µ̃ for
the central density region. This scaling is valid for
large phase space densities (PSD) n�

2
T

, where �

T

=
(2⇡~2/(MkBT ))1/2 is the thermal wave-length of atoms.
As outlined in the supplemental material [42], the va-
lidity of the linear relation "F / µ̃ at high densities is
indicated by a temperature and fitting range indepen-
dence of the prefactor c. We confirm this by compar-
ing the slope c fitted in the intervals I

A

= [0.4, 0.8]npeak

and I

B

= [0.5, 1]npeak for peak density npeak, and de-
fine µ̃0 = (µ̃0,A + µ̃0,B)/2 as the average value of both
outcomes.

In the experimental realization of the 2D gas in an
anisotropic 3D trap, the interaction strength a2D de-
pends on the typical momenta of scattering particles and
thereby on the filling in the trap with axial frequency !

z

.

We have a2D = a

(0)
2De

� 1
2�w(µ̃/~!z), where a

(0)
2D is the scat-

tering length in the dilute sample and �w is a positive
function that vanishes for µ̃  0 [6, 12]. The correc-

tion to a

(0)
2D vanishes in the Bose limit, where µ̃ ! 0,

and becomes strongest in the Fermi limit, where µ̃ ' "F.
Furthermore, the correction only needs to be taken into
account for the central region of the cloud and vanishes
in the wings. As most particles are in the center of the
cloud, we approximate a2D and "B by the central val-
ues, i.e., evaluating the above formula for µ̃0/~!z

. The
modification of transverse excitations by interactions is
discussed in Ref. [43].

In Fig. 1 we show the low-temperature EOS across
the 2D BCS-BEC crossover in terms of µ̃/"F = 1/c
and ln(kFa2D), where kF corresponds to the peak den-

µ
ε

ε

FIG. 1: Low-temperature EOS across the 2D BEC-BCS
crossover. The results are obtained from the measurements
at the lowest attainable temperatures, which corresponds to
T/TF ⇡ 0.05 and 0.1 on the Bose and Fermi sides. The experi-
mental data points shown as diamonds (circles) correspond to
measurements in the superfluid (normal) phase. The super-
fluid gap in the fermion spectrum influences the low temper-
ature EOS. This e↵ect, however, is weaker on the Fermi side,
where the gap becomes small. The solid red line on the Bose
side corresponds to the mean field formula µ̃/"F = �⌘�1/4
with ⌘ = ln(kFa2D), whereas the dashed and solid green lines
on the Fermi side display the non-selfconsistent and selfcon-
sistent Hartree-Fock predictions 1/(1 + ⌘�1) and 1� ⌘�1 for
weakly attractive fermions.

sity. As the corresponding temperatures (25-60nK) are
very low compared to TF (300-1500nK), the data is a
good description of the zero temperature EOS given by
n(µ, T = 0, a2D). For the plot we averaged the TF fit
for c over 30 images at the lowest temperatures for each
value of the interactions strength. We indeed find c to
be almost constant as we increase the temperature by
(40� 70)%, which is a necessary condition for the appli-
cability of the linear fit of the central region. The sta-
tistical error of µ̃/"F is 10% within the whole crossover.
We estimate the error due to systematic uncertainties in
the experimental parameters to be 15% and 13% on the
Bose and Fermi sides, respectively [42].
Our measured low-temperature equation of state con-

nects both perturbative limits of the crossover. In the
bosonic limit we can compare our results with predictions
for bosonic dimers of mass 2M . For this we introduce
the dimer density, dimer chemical potential, and dimer
thermal wave-length according to nd = n/2, µd = 2µ̃,
and �d = �

T

/

p
2. The interactions between dimers

can be modelled by an e↵ective 2D coupling strength
g̃ =

p
16⇡ 0.6a3D

`z
with `

z

=
p

~/(M!

z

) = 0.551µm be-
ing the oscillator length of axial confinement [44]. We
find µ̃/"F = 0.024(3), 0.045(6), 0.12(1) for the data points
with ln(kFa2D)  �0.71 corresponding to e↵ective boson
coupling strengths g̃ = 0.60, 1.07, 2.75, respectively. This
is in excellent agreement with the perturbative Bose gas
formula µ̃/"F = g̃/(8⇡) = 0.024, 0.043, 0.11. Further-

Boettcher+ (Jochim, Enss) arXiv:1509.03610



Bose side

• agrees with bosonic QMC in quasi-2D geometry (open symbols)3

more we verify g̃ ⇡ �2⇡/ ln(kFa2D) for very small g̃,

which is a result of a2D ' a

(0)
2D on the Bose side, where

the filling correction �w is small.

Far on the Fermi side, our low-temperature data is con-
sistent with the self-consistent Hartree-Fock (HF) pre-
diction µ̃/"F ' µ/"F = 1 � (ln(kFa2D))�1, although
our result is consistently below this prediction. On
the other hand, the Fermi liquid expansion parameter
1/ ln(kFa2D) = 0.23 for ln(kFa2D) = 4.3 is not small.
Note that an extension of the BCS mean-field theory to-
ward the crossover, which works reasonably well in 3D
[45, 46], would give µ̃/"F = 1 for all interaction strengths
in the 2D case and thus clearly misses the crossover
physics [47]. The ground state equation of state has been
investigated theoretically in [48–51].

We now turn to the experimental measurement of
the temperature-dependence of the EOS. Our analysis
relies on determining T and µ0 from the density pro-
file for each individual realization of the gas (“shot”).
From this input we construct the dimensionless functions
f

i

(x, y) and h

i

(x, y) defined as n�

2
T

= f(�µ̃,�"B) and
n/n0 = h(�µ,�"B) for each shot i. Herein, n0(µ, T ) =
2��2

T

log(1+e

�µ) is the EOS of an ideal Fermi gas. Even-
tually we average f

i

and h

i

over 30-150 shots which leads
to a very small statistical error in the EOS, although the
thermodynamic parameters may vary from shot to shot.
We quantitatively compare di↵erent methods to obtain
T and µ0 in the supplemental material [42].

Our measurement of µ̃0 from the TF fit allows to de-
duce µ0 from the dense central region of the cloud. In
order to extract the temperature, the dilute outer region
of the cloud is fitted to a suitable reference EOS. For
very low densities, the gas of dimers or atoms reaches
the Boltzmann limit with nd = �

�2
d e

�µd = 2��2
T

e

2�µ̃

and n

�

= �

�2
T

e

�µ, respectively. The regime of very low
densities, however, is inaccessible in experiment due to
technical noise in the imaging. In the perturbative Bose
limit (small g̃), the wings are described by the HF for-

mula nd�
2
d = � log(1� e

�µd�(g̃/⇡)nd�
2
d).

The low-density limits on the Bose and Fermi side can
be elegantly connected by using the second order virial
expansion given by n

�

�

2
T

= log(1 + e

�µ) + 2b2e2�µ. The
second virial coe�cient b2 of the 2D gas is given in Refs.
[42, 52, 53]. In the weakly interacting Fermi limit b2 ! 0
and n

�

�

2
T

approaches the EOS of an ideal Fermi gas. On
the Bose side, instead, "B becomes large and the fermion
fugacity e

�µ = e

�(µ̃�"

B
/2) is extremely small, such that

the first term can be dropped. However, the virial coe�-
cient scales as b2 = e

�"B up to an exponentially small cor-
rection and we arrive at n

�

= 2��2
T

e

�(2µ+"B) = �

�2
d e

�µd ,
which is the bosonic Boltzmann formula. Hence the sec-
ond order virial expansion is well-defined throughout the
whole crossover and has the correct limiting behavior. It
thus represents a good reference EOS to fit the wings of
the density profile and obtain T in the whole crossover.

βε

βε

βε

λ

βµ

FIG. 2: Phase space density on the Bose side of the crossover.
The experimental data points are shown as filled shapes. We
compare to bosonic theory with e↵ective coupling strengths
g̃ = 0.60, 1.07, 2.75. Open shapes represent the EOS extracted
from the QMC simulation of the quasi-2D Bose gas trapped in
an external potential with similar parameters as employed in
experiment. The dashed curves show the classical MC predic-
tion for the weakly coupled homogeneous 2D Bose gas from
Ref. [54] extrapolated to large values of g̃. For moderate den-
sities we find good agreement between all three approaches.
For large densities, however, experiment and trapped QMC
deviate from the classical homogeneous result which scales like
the mean field prediction nd�

2
d = 2⇡

g̃ �µd+log( 2g̃⇡ nd�
2
d�2�µd).

This may be due to quantum e↵ects showing up at large g̃ or
due to a partial influence of the axial confinement.

In Fig. 2 we show the EOS of the system on the
Bose side of the crossover in terms of the PSD. Due
to the exponentially large binding energy in the Bose
limit, the logarithmic dependence of the EOS on �"B in
n�

2
T

= f(�µ̃,�"B) can be replaced by the g̃-dependence
in n�

2
T

= F (�µ, g̃), where F (x, g̃) is a dimensionless
function which immediately allows for a comparison to
bosonic theory with coupling g̃. The experimental data
corresponds to g̃ = 0.60, 1.07, 2.75. The plotted curves
are the average of the function F (x, g̃) from approxi-
mately 30 individual shots for each interaction strength.
For the weakly coupled gas with g̃ = 0.60 we apply a
HF fit to the outer region to obtain the thermodynamic
parameters T and µ̃0. For the remaining two sets, which
are at larger coupling, we employ the Boltzmann fit to
the low-density region for this information. We find the
variation of µ0 and T with respect to the fit method to
be small on the Bose side [42].

To benchmark our results on the Bose side we com-
pare to classical Monte Carlo (MC) and Quantum Monte
Carlo (QMC) simulations of bosons. The classical MC
computations are valid for the weakly coupled, homoge-
neous 2D Bose gas in the fluctuating regime [54, 55]. In
our case, g̃ is large, and quantum e↵ects are expected to
modify the result. However, an extrapolation of the MC
to large values of g̃ gives a very good description for the
critical temperature of the system for g̃ . 2.75 [32, 56].

Boettcher+ arXiv:1509.03610



Crossover region

• renormalization of density n/n0 over orders of magnitude

• virial expansion

    Bose limit (                     ): 

4
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FIG. 3: EOS in the crossover regime shown as the density normalized by the ideal gas result n0(µ, T ) = 2��2
T log(1+ e�µ). The

experimental data points (filled shapes) are compared to the second order virial expansion at low values of �µ (coloured dashed
lines). The displayed errors are purely statistical, with systematic uncertainties estimated at 13-15%. We compare our results
to theoretical predictions for the EOS in the 2D BCS-BEC crossover from LW theory ([22], solid black lines) and fermionic
QMC simulations ([23], dotted black lines), with the corresponding value of �"B being attached to the curves. Note that the
vertical scale di↵ers by a factor of 10 in each panel.

We further analyze density profiles obtained from Quan-
tum MC (QMC) computations for the trapped Bose gas
with similar trapping parameters as used in the experi-
ment. We refer to Refs. [32, 57, 58] for details on the
simulations. The QMC profiles allow us to determine T

and µ̃0 from the Boltzmann regime, and thus, applying
the LDA, we can extract an EOS. The latter need not
necessarily coincide with the one of a classical homoge-
neous gas.

We find excellent agreement of our results with the
EOS extracted from the QMC profiles with the LDA. For
g̃ = 0.60 our data is slightly below the bosonic simulation
for large �µ̃, whereas this trend changes for larger cou-
plings. We attribute this behavior to systematic errors
in the determination of T and µ̃0. Both our results and
QMC are, however, well below the classical predictions
for large �µ̃ from classical MC and mean field theory.
There are two e↵ects which could explain this behavior:
On the one hand, quantum fluctuations become impor-
tant for large g̃ and high densities. On the other hand,
both experiment and QMC are performed in a quasi-2D
setting with nonzero extent in the z-direction. We do
not expect e↵ects beyond LDA to play a role at the high
central densities found on the Bose side.

In Fig. 3 we show the EOS in the strongly correlated
crossover regime between the bosonic and the fermionic
limits. We obtain the EOS from sampling h(x, y) over
approximately 150 shots for each of the magnetic fields
B[G] = 812, 832, 852, 892. The central chemical potential
µ̃0 is determined from the TF fit of the central region,
and the binding energy "B again refers to the central
value. The temperature is estimated by T = (TV+TB)/2,
where TV and TB are obtained from second order virial
and Boltzmann fits to the outer region, respectively. This
choice is motivated by the fact that TV and TB are ex-
pected to give upper and lower bounds on the true tem-
perature of the sample for the interaction strengths con-

sidered here [42]. On the Fermi side, both temperatures
approach each other. The quality of the virial and Boltz-
mann fits is reflected in the overall good agreement of
the corresponding central chemical potentials with the
TF values.
We compare our results for the EOS in the crossover

regime to theoretical predictions for the homogeneous 2D
BCS-BEC crossover from Luttinger–Ward (LW) theory
[22] and fermionic QMC simulations [23]. We find an
overall good agreement between theory and experiment
for n/n0 varying over two orders of magnitude and con-
firm that n/n0 has a maximum of height 2e�"B/2 around
µ ⇡ �"B/2 for large �"B. The origin of this scaling
can be understood from the virial expansion of the PSD
in the Bose limit: n

�

�

2
T

⇡ 2 exp(2�µ̃) = 2 at �µ̃ = 0.
This implies n/n0 ⇡ 2/ log(1 + e

��"B/2) ⇡ 2e�"B/2 at
µ = �"B/2. The di↵erence of the EOS obtained from
LW and QMC methods lies within our systematic errors
from the T - and µ0-determination and thus cannot be
resolved with the present analysis.

On the Fermi side of the crossover, the filling-
dependent interaction strength "B varies substantially
inside the trap, and the EOS obtained from a individ-
ual density profile cannot be fully attributed to a single
value of �"B. In order to avoid this e↵ect, the number of
trapped particles should be kept low. In a recent work
by Fenech et al. [41] the EOS on the Fermi side for
�"B < 0.5 has been determined using 6Li-atoms, which
supplements our data from the Bose and crossover regime
to yield a complete picture of the EOS in the 2D BCS-
BEC crossover.

In this work we have measured the EOS of ultracold
fermions in the 2D BCS-BEC crossover. Our results con-
nect the perturbative Bose gas, the strongly interacting
Bose gas, the strongly interacting fermionic superfluid in
the crossover regime, and the perturbative Fermi liquid as
we tune interactions by means of a Feshbach resonance.
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Figure 1. (a) Average of 10 absorption images of a 2D Fermi
gas, with �Eb = 0.26, prepared under the same experimental
conditions (B = 880 G, N = 16,000, T ⇡ 25 nK) (b) Az-
imuthally averaged density, n(Vr), obtained from image (a)
as a function of the local potential. (c) Dimensionless com-
pressibility ̃ vs. dimensionless pressure p̃ of a 2D Fermi gas
with �Eb = 0.26(2). Faint green circles show data extracted
from single images and dark green triangles are data binned
according to p̃. Grey solid line shows the equation of state
for a noninteracting Fermi gas and dashed green line is the
predicted ̃ based on the virial expansion to third order.

µ(x, y) = µ0 � Vr(x, y) and µ0 is the chemical poten-
tial at the trap center. In any single realisation of
the experiment, the parameters � and Eb will be fixed
across the cloud such that Eqs. (1-3) yield fn(�µ,�Eb) =
f 0
P (�µ,�Eb) and f(�µ,�Eb) = f 00

P (�µ,�Eb) by di↵eren-
tiation with respect to �µ.

We prepare single 2D clouds of neutral 6Li atoms
in a hybrid optical/magnetic trap at temperatures in
the range of 20-60 nK [27, 34]. A blue-detuned TEM01

mode laser beam provides tight confinement along z with
!z/(2⇡) = 5.15 kHz. Radial confinement arises from
residual magnetic field curvature present when the Fes-
hbach magnetic field is applied, leading to a highly har-
monic and radially symmetric potential with !r/(2⇡) =
26Hz. We image along z to directly obtain the density
n(x, y) of clouds prepared in the kinematically 2D regime.
Fig. 1(a) shows the average of 10 images taken under
identical experimental conditions. Due to the symmetry
of Vr(x, y), and a precise calibration of the absorption
imaging [34], we can azimuthally average these images to
obtain n(Vr) as shown in Fig. 1(b).

Both a and Vr(x, y) are precisely known for a given
experimental sequence providing accurate knowledge of
Eb and, via the LDA, the change in chemical potential
dµ(⌘ �dVr) across the cloud. Other parameters how-
ever, including the absolute temperature and chemical
potential, are unknown. Furthermore, absorption imag-
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Figure 2. Normalized density equation of state for a 2D at-
tractive Fermi gas for �Eb = 0.47(3) (purple circles), �Eb =
0.26(2) (green triangles), �Eb = 0.06(1) (blue daimonds) and
�Eb = 0.005(1) (red squares). Dashed lines show the calcu-
lated equation of state using the third order virial expansion
[36].

ing is susceptible to systematics that make precise cali-
bration of the atom density challenging [35]. To proceed
we first obtain an estimate of the absolute temperature
and chemical potential by fitting the low density wings
of the cloud with the virial expansion in 2D to third or-
der [36]. As only a small fraction of the cloud can be
used, this can lead to relatively large uncertainties in the
fits [34]. Fortunately, the relationships connecting fp, fn
and f allow this to be improved. In analogy with refs
[29, 30], we use the n(Vr) data to construct a model in-
dependent equation of state for the dimensionless com-
pressibility ̃ = /0 versus pressure p̃ = P/P0 [29] where
0 = 1/(nEF ) and P0 = nEF /2 are the local compress-
ibility and pressure of an ideal Fermi gas at T = 0, re-
spectively, EF = (~2⇡/m)n = kBTF is the local Fermi
energy and TF is the Fermi temperature. In Fig. 1(c) we
plot ̃ against p̃ for �Eb = 0.26(2). At high temperatures
the compressibility lies close to that for the ideal gas yet
it deviates above this at lower temperatures when p̃ . 3.
The virial expansion provides a reliable prediction of ̃
for p̃ & 5. Eqs. (1)-(3), along with dµ = �dVr, then allow
one to find the relative temperature T̃ = T/TF and �µ
at any position in the cloud using the integrals

T̃ = T̃i exp

"
1

2

Z p̃

p̃i

dp̃0

p̃0 � 1
̃

#
(4)

�µ = (�µ)i �
Z T̃

T̃i

1

T̃ 02

✓
1

̃

◆
dT̃ 0 (5)

where the initial points can be chosen to lie in the range
where the virial expansion is accurate. Implementation
of Eq. (4) turns out to be relatively insensitive to the pre-
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to be smaller on the Bose side (5-10%) and to become
larger as we approach the crossover regime and Fermi
side (10-15%). This is to be expected, since the PSD of
the cloud decreases, an the expansion parameter in Eq.
(5) increases. There is another contribution to this ef-
fect from the influence of the third dimension. As shown
below, there is a µ̃-dependence of "B, which results in

ln(�"B) = ln(�"(0)B ) +�w( µ̃

~!z
). Still, we find that both

cI and cIII agree with cII within the errors.
To obtain a reliable estimate for the true value we de-

fine the mean as

C =
CI + CII

2
, (6)

where either C = µ̃0,TF, C = µ̃/"F, or C = ln(kFa2D),
and CI/II is the average of the observable over approxi-
mately 30 shots with the TF model applied to the fitting
range I/II. The corresponding statistical error is given

by �C =
q

1
2 (�C

2
I +�C

2
II) ⇡ �CI/II. The fitting range

dependence of the TF model results in a systematic error
in the determination of the low-temperature EOS. The
further error due to systematic uncertainties is discussed
below.

TEMPERATURE DETERMINATION

In order to determine the temperature of the sample we
fit the outer region of the cloud to a reference EOS. Here
we quantitatively compare di↵erent approaches and mo-
tivate the particular choices employed in the main text.

As our strategy for obtaining the EOS relies on a shot-
by-shot determination of T and µ0, we cannot use the
temperature determination from the tail of the momen-
tum distribution from Ref. [7], as it only gives the average
over sets of shots. In fact, we find relatively large fluctu-
ations from shot to shot for the temperature. Therefore,
we display the median and the median deviation in the
tables below.

We first discuss the fitting ranges applied for the tem-

perature fits. In our experiment we find �n

�

. n

(th)
�

for the local density fluctuations �n

�

, where n

(th)
�

⇡
0.02µm�2 is a threshold determined by the temperature
of the gas, but also the imaging setup. Since these fluc-
tuations average to zero, h�n

�

i = 0, the density profile
in the wings can safely be fitted in the region of densities

n

�

< n

(th)
�

. Still n(th)
�

sets the rough scale of densities
where the temperature fit is applied. With temperatures
T ' 60 � 25nK on the Bose and Fermi sides we find
�

2
T

n

(th)
�

' 0.2� 0.4.
To test for the fitting range dependence of the tem-

perature fits of n(µ, T ) we apply each reference EOS dis-
cussed below to two fit regimes: These are (A) the den-
sity range from 0.1npeak to zero and (B) the µ-interval

�µ = ±20nK centered at n(th)
�

. We further vary the size

of µ-bins in the range 1 � 5nK. In all cases we obtain
results for T and µ0 in close agreement with each other.
For the following we thus restrict the discussion to fitting
range (A) and a bin size of approximately 1nK.

On the Bose side of the crossover, i.e., for magnetic
fields B[G] = 692, 732, 782, the low density region for
small g̃ is given by the HF formula

HF: nd�
2
d = � log(1� e

�µd�(g̃/⇡)nd�
2
d). (7)

For 692G we have g̃ = 0.60 and HF theory should work
reasonably well as has been demonstrated for bosons with
g̃  0.5 [38]. For larger couplings the HF approximation
breaks down. A simpler formula for the Bose limit is pro-
vided by a bosonic Boltzmann formula nd�

2
d = e

2�µd . In
the QMC calculations of the Bose gas we find the den-
sity wings of the interacting Bose gas at 782G (g̃ = 2.75)
to be close to the bosonic Boltzmann formula even for
moderate densities where deviations would be expected.
The Boltzmann EOS is thus a trustworthy reference for
the wings in this case. For the intermediate interaction
strength g̃ = 1.07 at a magnetic field of 732G, both HF
and bosonic Boltzmann formula give the same tempera-
ture, so we can use the Boltzmann result.

A continuous interpolation between the bosonic and
fermionic limits is provided by the second order virial
expansion

V: n
�

�

2
T

= log(1 + e

�µ) + 2b2e
2�µ

, (8)

where

b2 = e

�"B �
Z 1

�1
ds

exp{�e

s

/(2⇡)}
⇡

2 + (s� ln(2⇡�"B))2
(9)

is the (interaction induced correction to the) second virial
coe�cient [52, 53]. Equation (8) is exact for small
fermion fugacity z = e

�µ in the whole 2D BCS-BEC
crossover. Its applicability for moderate values of z,
however, is not guaranteed. For large �"B, z ! 0 and
b2 ' e

�"B , such that Eq. (8) approaches the bosonic
Boltzmann formula. As �"B becomes smaller, the sec-
ond order virial expansion approaches the ideal Fermi gas
formula. A comparison to LW and QMC theory, both of
which should be reliable for su�ciently small �"B, indi-
cates that the second order virial expansion is likely to
overestimate the temperature of the sample, resulting in
a curve n/n0 vs. �µ which is too steep for small �µ.
In order to estimate how much the second order virial

expansion deviates from the true EOS we define the ef-
fective temperature exponent

↵e↵(µ, T ) =
d ln(n

�

�

2
T

)

d ln z
=

1

n

�

�

2
T

d(n
�

�

2
T

)

d(�µ)
. (10)

For an EOS given by n

�

�

2
T

= z

↵ we have ↵e↵ = ↵ for
all µ and T . For instance, the fermion Boltzmann gas
corresponds to ↵e↵ = 1. In contrast, for large b2, the

n��
2
T = ln(1 + e�µ) + 2�b2e

2�µ + 3�b3e
3�µ + · · ·



Conclusion

• 2D Fermi gas:
pseudogap in spectral function, 
equation of state, phase diagram,
density driven crossover

• equation of state from 
experimental density profiles

• outlook:
find density profile for engineered potentials;
basis for transport calculations
(puzzle of slow 2D spin diffusion)
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FIG. 3: EOS in the crossover regime shown as the density normalized by the ideal gas result n0(µ, T ) = 2��2
T log(1+ e�µ). The

experimental data points (filled shapes) are compared to the second order virial expansion at low values of �µ (coloured dashed
lines). The displayed errors are purely statistical, with systematic uncertainties estimated at 13-15%. We compare our results
to theoretical predictions for the EOS in the 2D BCS-BEC crossover from LW theory ([22], solid black lines) and fermionic
QMC simulations ([23], dotted black lines), with the corresponding value of �"B being attached to the curves. Note that the
vertical scale di↵ers by a factor of 10 in each panel.

We further analyze density profiles obtained from Quan-
tum MC (QMC) computations for the trapped Bose gas
with similar trapping parameters as used in the experi-
ment. We refer to Refs. [32, 57, 58] for details on the
simulations. The QMC profiles allow us to determine T

and µ̃0 from the Boltzmann regime, and thus, applying
the LDA, we can extract an EOS. The latter need not
necessarily coincide with the one of a classical homoge-
neous gas.

We find excellent agreement of our results with the
EOS extracted from the QMC profiles with the LDA. For
g̃ = 0.60 our data is slightly below the bosonic simulation
for large �µ̃, whereas this trend changes for larger cou-
plings. We attribute this behavior to systematic errors
in the determination of T and µ̃0. Both our results and
QMC are, however, well below the classical predictions
for large �µ̃ from classical MC and mean field theory.
There are two e↵ects which could explain this behavior:
On the one hand, quantum fluctuations become impor-
tant for large g̃ and high densities. On the other hand,
both experiment and QMC are performed in a quasi-2D
setting with nonzero extent in the z-direction. We do
not expect e↵ects beyond LDA to play a role at the high
central densities found on the Bose side.

In Fig. 3 we show the EOS in the strongly correlated
crossover regime between the bosonic and the fermionic
limits. We obtain the EOS from sampling h(x, y) over
approximately 150 shots for each of the magnetic fields
B[G] = 812, 832, 852, 892. The central chemical potential
µ̃0 is determined from the TF fit of the central region,
and the binding energy "B again refers to the central
value. The temperature is estimated by T = (TV+TB)/2,
where TV and TB are obtained from second order virial
and Boltzmann fits to the outer region, respectively. This
choice is motivated by the fact that TV and TB are ex-
pected to give upper and lower bounds on the true tem-
perature of the sample for the interaction strengths con-

sidered here [42]. On the Fermi side, both temperatures
approach each other. The quality of the virial and Boltz-
mann fits is reflected in the overall good agreement of
the corresponding central chemical potentials with the
TF values.
We compare our results for the EOS in the crossover

regime to theoretical predictions for the homogeneous 2D
BCS-BEC crossover from Luttinger–Ward (LW) theory
[22] and fermionic QMC simulations [23]. We find an
overall good agreement between theory and experiment
for n/n0 varying over two orders of magnitude and con-
firm that n/n0 has a maximum of height 2e�"B/2 around
µ ⇡ �"B/2 for large �"B. The origin of this scaling
can be understood from the virial expansion of the PSD
in the Bose limit: n

�

�

2
T

⇡ 2 exp(2�µ̃) = 2 at �µ̃ = 0.
This implies n/n0 ⇡ 2/ log(1 + e

��"B/2) ⇡ 2e�"B/2 at
µ = �"B/2. The di↵erence of the EOS obtained from
LW and QMC methods lies within our systematic errors
from the T - and µ0-determination and thus cannot be
resolved with the present analysis.

On the Fermi side of the crossover, the filling-
dependent interaction strength "B varies substantially
inside the trap, and the EOS obtained from a individ-
ual density profile cannot be fully attributed to a single
value of �"B. In order to avoid this e↵ect, the number of
trapped particles should be kept low. In a recent work
by Fenech et al. [41] the EOS on the Fermi side for
�"B < 0.5 has been determined using 6Li-atoms, which
supplements our data from the Bose and crossover regime
to yield a complete picture of the EOS in the 2D BCS-
BEC crossover.

In this work we have measured the EOS of ultracold
fermions in the 2D BCS-BEC crossover. Our results con-
nect the perturbative Bose gas, the strongly interacting
Bose gas, the strongly interacting fermionic superfluid in
the crossover regime, and the perturbative Fermi liquid as
we tune interactions by means of a Feshbach resonance.

μ is taken to be the same for both species in a spin-balanced
gas. The energy scale is set by the Fermi energy εF !
kBTF ! ℏ2k2F=2m for a total density n ! k2F=2π. The bare
attractive contact interaction g0 has to be regularized and
is expressed in terms of the physical binding energy εB of
the two-body bound state which is always present in an
attractive 2D Fermi gas. We define the 2D scattering length
as a2D ! ℏ=

!!!!!!!!!
mεB

p
and parametrize the interaction strength

by ln"kFa2D# ! ln"2εF=εB#=2. In the following, we set
kB ! 1, ℏ ! 1, and write β ! 1=kBT.
We investigate the behavior of the strongly interacting

Fermi gas in the normal state using the Luttinger-Ward, or
self-consistent T-matrix, approach [14,15], which goes
beyond earlier works [6,16] by including approximately
the interaction between dimers as well as dressed Green’s
functions. Thermodynamic precision measurements for the
unitary Fermi gas in 3D [17] have confirmed the accuracy
of this method, both for the value of Tc=TF ! 0.16"1# and
the Bertsch parameter ξ ! 0.36"1# [15,17]. Recently, the
Luttinger-Ward approach has been extended to study trans-
port properties [18]. The success of this method in three
dimensions encourages its application to the homogeneous
2D Fermi gas, which is particularly challenging due to the
logarithmic energy dependence of the scattering amplitude.
Within the Luttinger-Ward approach, pairs of dressed

fermions with Green’s function G"k;ω# ! $!ω% εk ! μ !
Σ"k;ω#&!1 can form virtual molecules whose dynamics are
described by the T matrix Γ"K;Ω#. The fermions can scatter
from these molecules, which determines their lifetime and
self-energy Σ"k;ω# (see Supplemental Material [19]). From
the self-consistent solution G"k;ω# one obtains the spectral
function A"k;ω# ! ImG"k;ω% i0#=π.

Density of states.—The density of states ρ"ω# describes at
which energies fermionic quasiparticles can be excited, and is
computed as the momentum average of the spectral function,
ρ"ω# !

R
dkA"k;ω#="2π#2. Figure 1 shows the density of

states for an interaction strength of ln"kFa2D# ! 0.8, which
is weak enough that there should be a Fermi surface at low
temperatures [20]. For decreasing temperature, we see that
the density of states is strongly suppressed at the chemical
potential, while it increases on either side of the Fermi
surface. This marks the pseudogap regimewhich is part of the

FIG. 1 (color online). Density of states ρ"ω#, normalized by
ρ0 ! m=2π for the free Fermi gas, at interaction ln"kFa2D# ! 0.8
for different temperatures: T ! 0.45TF (top curve at ω ! 0) to
T ! 0.07TF (bottom). Inset: Spectral function A"k;ω# for
T ! 0.07TF. The grey dashed line marks the maximum in the
spectral weight of the bottom band.

FIG. 2 (color online). Density n of the 2D Fermi gas vs chemical
potential βμ, for different interaction strengths βεB (see legend).
Since the density is normalized by n0"βμ# for the noninteracting
gas, the nonmonotonic behavior of n=n0 reflects the impact of
interactions, while the compressibility κ ! "!n=!μ#=n2 is always
positive. The inset shows a typical trajectory in T=TF vs ln"kFa2D#
corresponding to the dotted line of fixed βεB ! 1. Along this line,
βμ increases with decreasing T=TF.

FIG. 3 (color online). Pressure P vs interaction strength,
normalized by the pressure P0 ! nεF=2 of an ideal Fermi gas
of the same density at T ! 0. Luttinger-Ward data at temperature
T=TF ! 0.2 (top, dotted line) to T=TF ! 0.1 (solid line) in
comparison with experimental data [10] (symbols) and T ! 0
QMC results [11] (dashed line).
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Transport in linear response

• shear viscosity from stress correlations (cf. hydrodynamics),

with stress tensor                                                 (cf. Newton         )

• correlation function (Kubo formula):   Enss, Haussmann & Zwerger, Annals Physics 2011

• transport via fermions and bosonic molecules: very efficient description, 
satisfies conservation laws, scale invariance and Tan relations  Enss PRA 2012

• assumes no quasiparticles: beyond Boltzmann kinetic theory, works near Tc;
includes pseudogap and vertex corrections
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the fermionic and bosonic self-energies are local in real
space. Hence, the coupled equations are solved e!ciently
by going back and forth between real and Fourier space.

In the second step GXX! and "XX! are used as input
for the self-consistent equations (5.21)–(5.26) to calculate
the viscosity response functions T̃!, S̃!. Again, the inte-
gral equations (5.21) and (5.25) become algebraic and are
solved in Fourier space, while the other equations remain
local in real space. Note that the spatial Fourier trans-
form between radial distances r and radial wavenumber
k for the partial-wave component ! is given by

T!(k) = 4"(!i)!

! !

0
dr r2 j!(kr)T!(r) , (5.27)

T!(r) =
i!

2"2

! !

0
dk k2 j!(kr)T!(k) . (5.28)

In the third step the correlation function #!(i$m) is com-
puted from (5.15). It is continued analytically from the
discrete imaginary Matsubara frequencies i$m to the con-
tinuous real frequencies $ via both the Padé method and
a model fit function (cf. section VII). We thus obtain the
retarded correlation function #ret

! ($) = #"
!($) + i#""

! ($).
Finally, the real parts of the viscosities % and & are ob-
tained from the correlation functions for ! = 2 and ! = 0
according to (cf. equations (3.2) and (3.3))

Re %($) =
Im#ret

!=2($)

15$
, (5.29)

Re &($) =
Im#ret

!=0($)

9$
, (5.30)

where the prefactor of % comes from the angular integra-
tion of the spherical harmonics [Y!=2(p̂)]2. Alternatively,
one may solve the integral equation directly for real fre-
quencies where the limit $ " 0 can be taken analytically.
In practice, this approach is useful at high temperatures,
where self-consistency no longer plays a role.

VI. BOLTZMANN-EQUATION LIMIT

In the high-temperature limit T # TF the integral
equations (5.21)–(5.26) can be solved by expanding in
powers of the fugacity

z = e"µ =
4

3
$

"
'#3/2 + O('#3) . (6.1)

To leading order in z, the pair propagator and on-shell
self-energy are given by

"ret(k,#) = !i
4"h̄3m#3/2

"

h̄#+ 2µ ! (k/2
+ O(z) (6.2)

$ret(p, ) = (p ! µ) = i
8(F

3"

erf(
$

"p/pT )

p/pF
+ O(z) .

(6.3)

  

FIG. 3: [color online] Diagrammatic contributions to the vis-
cosity correlation function !!(") at first order in the pair
fluctuations: Self-energy (S), Maki-Thompson (MT) and
Aslamazov-Larkin (AL) diagrams.

In the case of on-shell fermions with k = p1 + p2,
h̄# + 2µ = (p1

+ (p2
the pair propagator reduces to the

well-known scattering amplitude f(q) = i/q at infinite
scattering length of two particles in vacuum, with rel-
ative momentum q. Note that the exact leading-order
result for the on-shell fermionic self-energy contains a
non-trivial error-function dependence on the ratio of the
momentum p to its thermal value pT that was missing in
previous studies [53]. It is due to the square-root tail in
the pair propagator and gives a noticeable correction at
thermal momenta p % pT . Moreover, this form is indeed
crucial to fulfill the condition of scale invariance, as will
be discussed below.

The fermionic spectral function in the low fugacity,
high temperature limit has most of the spectral weight
concentrated in the coherent peak at ) = (p!µ. The peak
width *p = Im$ret(p, )) vanishes like (F pF /p & T#1/2

for typical momenta p ' pT , consistent with the assump-
tion for the temperature dependence of the relaxation
time introduced by Bruun and Smith [24]. This implies,
in particular, that the fermionic quasiparticles become
well-defined and thus a Boltzmann equation description
is valid in the regime ' # 1.

From a numerical, iterative solution of the integral
equations (5.21)–(5.26) in the high-temperature limit we
obtain %/(h̄n) = 2.80(1) (T/TF )3/2. This fixes the con-
stant in the asymptotic behavior +(') = const '3/2 at
large values of ' of the universal function introduced in
(4.1). Within the error bars, the numerical value agrees
with that obtained from a variational solution of the full
Boltzmann equation, using higher Sonine polynomials
[24, appendix]. The prediction of a simple power-law de-
pendence of the shear viscosity %(T ) & T 3/2 has recently
been verified experimentally in a temperature range be-
tween ' % 1.5 and ' % 7 by measuring the expansion
dynamics of a unitary gas released from an optical trap
[54]. Very good agreement has been found also with the
expected prefactor.

Remarkably, the solution of the transport integral
equation at high temperatures and small frequencies can
also be obtained by a completely analytical approach.
In fact, in the low fugacity limit, one can terminate the
iterative procedure after the first iteration step (correla-
tion function to first order in the pair propagator) and
resum via a memory function approach, a method that
was developed in the context of electrical conductivi-
ties by Götze and Wölfle [55]. The first-order correla-

 η(ω) = (resummed to
 infinite order)



Transport equations 

• Single-particle Green functions:       Response to shear perturbations:

• correlation function (Kubo formula):

• convolution integrals by Fourier transform; attention to UV asymptotics
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where the trace includes the spin sum. In the second line
the bosonic Green’s function is replaced by the vertex
function #XX! = "g̃2GB,XX! . Hence, we obtain
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In particular for a static scaling perturbation h"=0(!) % h
we recover the Tan energy formula [27] with the correct
UV regularization,
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The Kubo formula (3.1) in imaginary time can be re-
expressed in partial-wave components as

&"(!) =
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On the other hand, the same stress correlation function
is given by the second derivative of the grand potential
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where the last term in the square brackets comes from
the explicit h" dependence in the second term of equation
(5.12). Note also that this last term is crucial to obtain
a vanishing bulk viscosity at unitarity a"1 = 0, as we
will show in Appendix B using the Ward identities that
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fermionic and bosonic self-energies.

follow from scale invariance. T̃" and S̃" are the fermionic
and bosonic viscosity response functions
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Note that for the case of the shear viscosity where S(0)
" =

0, the viscosity response function can be expressed by

the L function [47] as T̃" = LT (0)
" , and the correlation

function (5.15) reduces to the well-known form &"(!) =

" tr[T (0)
!" (!)LT (0)

!" (0)].
Up to now the derivation of the correlation function

(5.15) has been completely general and exact, but the
challenge remains to evaluate the viscosity response func-
tions T̃" and S̃" within the microscopic model. In the
following we shall do this within the T-matrix approxi-
mation.

We start from the Dyson equation for the fermionic
Green’s function G!,XX! in the Matsubara formalism,

G"1
!,XX! = G"1

0,!XX! " U!,XX! " %!,XX! (5.18)

with bare Green’s functions G0(K)"1 = "(ih̄'n + µ "
%k) and the external field U!,XX! from equation (5.6).
In the T-matrix approximation the fermionic self-energy
describes how fermions scatter o& pair fluctuations (cf.
Fig. 1a),

%!,XX! = G"!,X!X #XX! . (5.19)

The Bethe-Salpeter equation for the vertex function
which mediates the resonant Fermi-Fermi interaction is

#"1
XX! = ḡ(!)"1 " UB,XX! + G#,XX! G$,XX! . (5.20)

It contains the inverse bare coupling ḡ(!)"1 = g"1 "
m!/(2(2h̄2), the external field UB from equation (5.7),
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Maki-Thompson Aslamazov-Larkin
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FIG. 2: [color online] Diagrammatic contributions to the
renormalized viscosity response functions T! and S!. (a) The
full fermionic response function T! has Maki-Thompson and
Aslamazov-Larkin contributions, in addition to the bare ver-
tex T (0)

! . (b) The full bosonic response function S! has two
contributions which are equivalent for equal fermion masses
and populations, in addition to the bare vertex S(0)

! . (c) The
viscosity correlation function is given by a skeleton diagram
with one bare and one renormalized viscosity response vertex
and full propagators (fermionic and bosonic). In particular,
the second diagram describes transport via collective modes.

and the bosonic self-energy (cf. Fig. 1b). As mentioned
above, the dynamics of the pair field at unitarity a!1 ! 0
only arises from the excitation of fermion pairs while the
dynamics of the bosons is irrelevant. Since we consider
a balanced gas with equal populations of fermion species
µ" = µ# = µ we will henceforth drop the spin index !.

The T-matrix approximation for the exact viscosity re-
sponse vertices is then obtained by taking the derivative
of the self-consistency equations (5.18)–(5.20) with re-
spect to the external field h!(") (cf. Fig. 2); in this way
it is guaranteed that the conservation laws are satisfied.
The amputated viscosity response vertex

T!("XX $) = "#G!1
XX!

#h!(")
=

!

Y Y !

G!1
XY T̃!("Y Y $)G!1

Y !X!

(5.21)

is given by the variation of the Dyson equation (5.18)
with respect to h!("),

T!("XX $) = T (0)
! ("XX $) + TMT

! ("XX $) + TAL
! ("XX $)

(5.22)

with the Maki-Thompson and Aslamazov-Larkin vertex

corrections

TMT
! ("XX $) =

#GX!X

#h!(")
!XX! = T̃!("X $X)!(XX $) ,

(5.23)

TAL
! ("XX $) = GX!X

#!XX!

#h!(")
= GX!X S̃!("XX $) .

(5.24)

The amputated bosonic viscosity response vertex

S!("XX $) = "#!!1
XX!

#h!(")
=

!

Y Y !

!!1
XY S̃!("Y Y $)!!1

Y !X!

(5.25)

is given by the derivative of the Bethe-Salpeter equation
(5.20),

S!("XX $) = S(0)
! ("XX $) " 2GXX! T̃!("XX $) . (5.26)

The bosonic viscosity vertex describes the response of
the pair field to a scaling or shear perturbation. The

bare bosonic viscosity vertex S(0)
! serves to remove the

UV divergence of the particle-particle loop (second term)
which is present only for the bulk viscosity $ = 0.

The self-consistent transport equations for the two-
channel model are equivalent to those of the standard
T-matrix approximation in a purely fermionic descrip-
tion. Specifically, the two fermionic vertex corrections
TMT

! and TAL
! above are precisely those arising in the

self-consistent solution of the integral kernel of the L
function, as introduced by Baym [47, equation (60)]. In
physical terms, the first term describes the interaction be-
tween two fermions by exchange of a single pair while in
the second term two pairs are exchanged. In the context
of calculating the change in conductivity due to super-
conducting fluctuations, these terms are called the Maki-
Thompson (MT) and Aslamazov-Larkin (AL) contribu-
tions respectively [49], a notation that will be used also
in the present context. Note that the second term ex-
plicitly includes particle-hole fluctuations, and it is also
referred to as the “box diagram” in a functional renor-
malization group approach to the thermodynamics of the
unitary Fermi gas [50]. These vertex corrections are in
fact crucial to obtain an approximation which satisfies
the conservation laws of the underlying model.

The self-consistent equations (5.18)–(5.26) have a
structure similar to the equations of the Luttinger-Ward
approach to the BCS-BEC crossover developed in our
previous work [51, 52]. In particular, using Fourier trans-
forms and the convolution theorem they become alge-
braic equations which a"ord an e#cient numerical solu-
tion.

The numerical calculations are performed in three
steps. In the first step the Green’s function GXX! and
the vertex function !XX! are calculated by solving the
self-consistent equations (5.18)–(5.20) iteratively. With-
out the external fields U" and UB the Dyson and Bethe-
Salpeter equations are diagonal in Fourier space, while

   η(ω) =
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