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Loschmidt	  echo	  

Defini4on:	  	  

• 	  characterizaPon	  of	  quantum	  chaos	  
• 	  related	  to	  

• 	  dephasing	  	  
• 	  orthogonality	  catastrophe	  
• 	  work	  staPsPcs	  
• 	  quantum	  quench	  

t = 0, ψ0

H (t) → ψ(t)

H (t) → ψ(t)

Loschmidt	  echo:	  	  

L(t) ≡ ψ(t) ψ(t)
2



Consider	  Q-‐bit	  coupled	  to	  environment:	  	  

↑↑ , ↓{ }

Loschmidt	  echo	  and	  dephasing	  

Prepare	  ini4al	  state:	  	   φ(0) ≡ ↑ ⊗ ψ0

↑ Henv = H↑

↓ Henv = H↓

Time	  evolu4on:	  	  

π / 2 π / 2
t

measure	  	  

Ry (π / 2)

σ z



Evolu4on:	  	  

Loschmidt	  echo	  and	  dephasing	  

Time	  evoluPon	  

measure	  	  

Ry ( π2 ) = exp(−i π4 σ y )

σ z = −Re ψ0 e
+iH↓te−iH↑t ψ0 = −Re ψ(t) ψ(t)

1
2
↑ + ↓( )⊗ ψ0

1
2 ↑ e−iH↑t − e−iH↓t( ) ψ0 + 1

2 ↓ e−iH↑t + e−iH↓t( ) ψ0
Ry ( π2 )

1
2
↑ ⊗ e−iH↑t ψ0 + ↓ ⊗ e−iH↓t ψ0( )

Imaginary	  part	  can	  also	  be	  measured	  	  

[M. Knap, et al, Phys. Rev. X 2, 041020 (2012).]  

L(t)

[Bylander, Nature Physics 7, 565–570 (2011)] 



RelaPon	  to	  work	  staPsPcs	   	  	  

measured	  at	  Pme	   

What	  is	  work? W = E2 −E1

t = τ measured	  at	  Pme	   t = 0

Change	  Hamiltonian	  	  	  	  	  	  	  	  	  	  	  	  	  from	  	  	  	  	  	  	  	  	  	  to	  	  	  	  	  	  	  within	  Pme	  	  	  	   H0 H

•  Work	  distribuPon	  funcPon 

Jarzynski	  : 

P(W ) = P[W |Q(t)]

e−βW =1 (for any protocol starting from 
equilibrium !) 

τ

M. Campisi, P. Hänggi, and P. Talkner, Rev. Mod. Phys. (2011)  

H (t)



Work	  StaPsPcs 	  	  

•  GeneraPng	  funcPon	  of	  work	  	  distribuPon	  :	   

2

the velocity are changed within a quench time ! , with
the quench protocol Q(t) satisfying Q(t < 0) = 0 and
Q(! < t) = 1. For a linear quench, in particular, Q(0 <
t < !) = t/! . Eq. (1) constitutes the e!ective model for
bosons quenched away from the hard-core limit as well
as for fermions quenched away from the non-interacting
limit, or for an XXZ spin chain [13, 20].

Since Eq. (1) is quadratic, the time evolution
can be formally determined exactly. From the
Heisenberg equation of motion, we obtain [20]

bq(t) = uq(t) bq(0) + v!
q (t) b+

"q(0) , (2)

where the time dependence is carried by the time depen-
dent Bogoliubov coe"cients uq(t) and vq(t), satisfying

i"t

!

uq(t)
vq(t)

"

=

!

#q(t) gq(t)
!gq(t) !#q(t)

" !

uq(t)
vq(t)

"

, (3)

with the initial condition uq(0) = 1, vq(0) = 0.
Generating function of work. Armed with the for-

mal solution of the time-dependent Bogoliubov equa-
tions, Eq. (2), we analyze the statistics of work done.
Albeit the work done has been studied in classical statis-
tical mechanics exhaustively, its quantum generalization
has been carried out only recently [8], and its proper-
ties are known for very few systems. The quantum
work cannot be represented by a single Hermitian opera-
tor (" not an observable), but rather its characterization
requires two successive energy measurements, one before
and one after the time dependent protocol (thus work
characterizes a process). The knowledge of all possible
outcomes of such measurements yields the full probability
distribution function (PDF) of work done on the system.

The characteristic function of work after the quench,
G($) #

#

dW eiW! P (W ) can be expressed as [8]

G($, !) = $exp[i$HH(t > !)] exp[!i$HH(0)]% , (4)

where HH(t) is the Hamilton in the Heisenberg picture,
and the expectation value is taken with the initial ther-
mal state. For a sudden quench (SQ) ! = 0, and
G($, !) coincides with the Loschmidt echo [11].
The expectation value (4) is independent of t for t > ! ,
but depends on the quench protocol and its duration
! . HH(t) is obtained by expressing the time dependent
boson operators in Eq. (1) using Eq. (2). Eq. (4) can
then be evaluated at T = 0 temperature using
identities familiar from the theory of squeezing
operators, yielding [22]

ln G($, !) = i$Ead !
$

q>0

ln
%

1 + nq(1 ! e2i !q!)
&

, (5)

with Ead = Ef ! Ei the di!erence between the adia-
batic ground state energies in the final and initial state,
and nq = [#q(t) ! #q + 2Im{v!

q (t)"tvq(t)}]/2#q the oc-
cupation number of mode q in the final LL state, and

#q =
'

#2
q (t > !) ! g2

q (t > !) the corresponding ex-

citation energy [13].
Generalized Gibbs ensemble. The fact that Eq. (5) de-

pends only on the occupation numbers of the steady state
indicates that a generalized Gibbs ensemble (GGE) may
describe the final state [7]. The analytic construc-
tion of the final density matrix is usually an in-
admissible task. Therefore, one typically focuses
only on few body observables, and tries to build
an approximate density matrix describing these.
Such an approach is, however, unable to account
for the complete PDF of work, which depends on
all possible moments of energy.

In our case, the final Hamiltonian can be diago-
nalized by a Bogoliubov transformation giving Hf =
(

q #=0 #qn̂q + Ef . In the steady state, the n̂q’s and their
arbitrary products are constants of motion, and there-
fore the density matrix of the GGE should be built up,
in principle, from all of these operators [18]. We find,
however, that for a T = 0 temperature quench the
density operator

%̂G =
1

ZG

)

q>0

exp [!&q#qn̂q] 'n̂q,n̂
!q

, (6)

accounts for all intermode correlations in the fi-
nal state. Here the mode dependent inverse tem-
peratures &q are defined through nq # $n̂q% #
1/[exp(&q#q)! 1], and ZG = Tr{exp[!

(

q>0 &q#qn̂q]}.
Indeed, it is easy to show that Tr{%̂G ei!(Hf"Ei)}
reproduces G($, !) and thus the complete work
distribution. Moreover, it gives back the expec-
tation value of any product of the operators n̂q.
Notice that the delta-functions in %̂G imply per-
fect correlations between the mode pairs ±q.

The structure of (6) follows from the observation
that, while time evolution does not conserve the num-
ber of bosons in a given pair of modes ±q, it preserves
n̂q(t) ! n̂"q(t). Since the only non-zero element of the
initial density matrix corresponds to n̂q = n̂"q = 0 at
zero temperature, this can only evolve along the diago-
nal ”direction”, n̂q(t) ! n̂"q(t) = 0. The assumption
that evolution during the quantum quench ther-
malizes the energy distribution of a given momen-
tum pair with this constraint then amounts in the
density matrix, Eq. (6). A given pair of modes
thus thermalizes only along the diagonal of the
density matrix, n̂q = n̂"q, characterized by an ef-
fective inverse temperature &q, while the weight
of the non-diagonal states n̂q &= n̂"q remains zero,
as in the initial state. Though umklapp processes
may lead to further thermalization at larger time
scales, this structure is expected to be stable within ex-
perimental time scales [22].

Perturbative generating function. Though an ex-
act solution is formally also possible, the general

G(λ) = dW∫ eiλWP(W )

Contains all information on work statistics…  

For	  a	  sudden	  quench,	  	  	   τ = 0

G(λ) = eiλHe−iλH0

GT=0 (λ)
2
= L0 (λ)At T=0  temperature  

L0 (t→∞) = Padiab
2



Loschmidt	  echo	  (and	  work	  staPsPcs)	  in	  a	  Lu7nger	  liquid	  



InteracPng	  spinless	  Fermi	  gas,	  	  bosonizaPon	  

FkFk−

)(kε

k

)(xRψ)(xLψ

)()()( xexex L
xik

R
xik FF ψψψ −+=

leW-‐movers	   right-‐movers	  
Field	  operator	  

Bosoniza4on:	  

:	  	  	  „Density”	  	  

:	  	  	  	  	  	  	  	  	  Conjugate	  momentum	  	  	  π (x)

Heff = u0
dx
4π∫ π 2 + (∂xϕ )

2( )+ g dx
4π
(∂xϕ )

2∫ +…

(	  	  	  	  	  	  	  	  	  	  	  	  	  	  displacement	  field)	  ϕ∂xϕ(x)

Fourier	  space	  



Experimental	  setup	  

Loschmidt echo and the many-body orthogonality catastrophe in a qubit-coupled

Luttinger liquid
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We investigate the many-body generalization of the orthogonality catastrophe by studying the
generalized Loschmidt echo of Luttinger liquids (LLs) after a global change of interaction. It decays
exponentially with system size and exhibits universal behaviour: the steady state exponent after
quenching back and forth n-times between 2 LLs (bang-bang protocol) is 2n-times bigger than
that of the adiabatic overlap, and depends only on the initial and final LL parameters. These are
corroborated numerically by matrix-product state based methods of the XXZ Heisenberg model. An
experimental setup consisting of a hybrid system containing cold atoms and a flux qubit coupled to
a Feshbach resonance is proposed to measure the Loschmidt echo using rf spectroscopy or Ramsey
interferometry.

PACS numbers: 71.10.Pm,67.85.-d,85.25.-j,05.70.Ln

Introduction. The long coherence times and the pos-
sibility to control parameters very accurately in optical
lattices allow one to simulate exciting non-equilibrium
e↵ects in quantum many body systems. In this context,
particular attention has been devoted to the evolution of
quantum states after quenches [1], whereby a parameter
in the Hamiltonian is changed either suddenly or gradu-
ally.

The Loschmidt echo (LE) provides direct insight into
the dynamical properties of the quantum-many body
state — without reference to any particular observable.
The LE is defined as the overlap of two wave functions,
| 

0

(t)i and | (t)i, evolved from the same initial state,
but with di↵erent Hamiltonians, H

0

and H,

L(t) ⌘ |h 
0

(t)| (t)i|2 . (1)

It measures the ”distance” between two quantum states
and serves to quantify irreversibility and chaos in quan-
tum mechanics[2–4]. Furthermore, it can be used to di-
agnose quantum phase transitions[5], and is also an im-
portant quantity in various fields of physics, ranging from
nuclear magnetic resonance to quantum computation and
information theory. For the latter, the LE is of utmost
importance since it measures how small changes during
a time evolution cause decoherence and are detrimental
for quantum information processing and storage. In par-
ticular, as we discuss later, the LE of the environment
determines how the qubit loses quantum information by
decoherence due to the environment.

While the theoretical concept behind the LE is very
clear, experimental protocols to measure the overlap of
two wave functions, are challenging and rare. Experi-
mentally, the LE and the closely related fidelity has only

been observed in systems with limited degrees of free-
dom [6], by coupling the system of interest to a sin-
gle qubit, whose states probe the wavefunction of the
system at di↵erent values of some external parameters.
Also, while the LE for local perturbations – the X-ray
edge singularity problem – is well understood, its behav-
ior in generic many-body systems is poorly described [7].
Studies so far mostly focused on local perturbations and
simple refermionizable spin chain models[8–10].

Here we study the interaction driven LE of a genuine
interacting one-dimensional system, a Luttinger liquid
(LL). One-dimensional strongly correlated systems often
form such Luttinger liquids (LL), and can also be cre-
ated from cold atoms [11]. Recently, the LL wavefunc-
tion has been used to evaluate the overlap of distinct LL
ground states [12, 13], and optimal protocols producing
maximal overlaps with reference states have also been in-
vestigated [14]. In this work, we evaluate the LE within

SQUID

Luttinger
  liquid

FIG. 1. (Color online) Schematics of the experimental setup.
The black segments on the SQUID denote the Josephson junc-
tions, the arrows stand for the total magnetic field. By chang-
ing the eigenstate of the flux qubit, the total flux hence the
total magnetic field changes, controlling the Feshbach reso-
nance in the cold atomic LL.

Flux Q-bit coupled to a 
Feschbach resonance of 
a 1D system 
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state variationally, and the infinite time evolving block
decimation [28] algorithms to simulate the quench. The
LE is calculated by finding the dominant eigenvalue of
a ”generalized” transfer matrix which we obtain by con-
tracting the tensors representing the two states.

The factor L/⇡↵ in the exponent in Eqs. (10) and (13)
contains the unknown short distance cuto↵. However,
its value can be fixed by calculating the fidelity suscep-
tibility, �f , around the non-interacting XX point of the
Heisenberg model, in which case L/2⇡↵ ⇡ N�f⇡

2, where
N is the number of lattice sites and �f ⇡ 0.0195[29].
Using then the Bethe Ansatz result [15], K = ⇡/2[⇡ �
arccos(Jz/J)], we find an excellent agreement with the
numerical data with no fitting parameter (see Fig. 2a).
This excellent agreement is somewhat surprising since,
as expected, the non-universal transient signals clearly
di↵er in the LL approach and the numerics, and also,
because the LL description completely neglects (asymp-
totically irrelevant) back scattering processes, contained
in the the lattice calculations.

Slight deviations show up only at the end points of the
critical region of the XXZ Heisenberg model in Fig. 2.
Close to the Jz = J point, the previously mentioned back
scattering term, driving the Kosterlitz-Thouless phase
transition causes a slight disagreement. Upon approach-
ing the ferromagnetic critical point at Jz = �J , on the
other hand, the validity of bosonization shrinks to very
small energies, and the high energy modes, absent in the
present considerations, also influence the overlap.

Detection: We propose to measure the LE of the LL in
a cold atomic setting, where a flux qubit[30, 31] is used
to control the interaction between a the atoms. Though
here we focus on a one dimensional LL, the proposed
setup also opens up the possibility to study the LE in
higher dimensional interacting systems. The flux qubit
consists of a Josephson junction circuit, and is governed
by the Hamiltonian H

qubit

= ✏�z + ��x, with � the
tunneling between the two eigenstates of �z, |  i and
| �i, carrying oppositely circulating persistent currents,
±I, and ✏ the energy splitting. In addition to the ex-
ternal flux, �

ext

, the states |  i and | �i generate an
additional flux, �f . Ideally, tunneling between them is
suppressed. The one-dimensional quantum gas is pre-
pared in a two-dimensional optical lattice potential[32]
at the chip surface, hosting the flux qubit. A few mi-
crons thick, high reflectivity (>99.9%) dielectric coating
of the chip (not shown in Fig. 1) can shield the super-
conducting device from the laser power (mW) incident
during the measurement time (ms). The quantum gas is
positioned at the flux qubit (see Fig. 1) by positioning
the laser beams (optical tweezers), such that the total
magnetic field of the state | �i of flux �

ext

+ �f be at
a Feshbach resonance, while the field of the state |  i
of flux �ext � �f , be further away from the resonance.
We estimated the qubit switching-induced magnetic field
di↵erence for an elongated rectangular flux qubit, with

parallel sides comparable to the length of a typical cold
atomic tube (⇠ 10 µm). Assuming a persistent current
of I = 2µA and a separation of d = 2R = 2µm between
the two lines of the qubit, we obtain a field di↵erence
�Bf ⇠ 16 mG. Although relatively small, this field is
comparable to the width �B = 15 mG of some narrow
Feshbach resonances used to realize a LL in 87Rb sys-
tems [33].

In this setup, one could use rf spectroscopy and mea-
sure the absorption spectrum of the qubit [34] in the pres-
ence and in the absence of the trapped gas. Similar to
the X-ray edge singularity problem, this absorption sig-
nal is just proportional to the Fourier transform of the
LE. In this case, the qubit can be positioned far away
from the degeneracy point, at |✏| � �, and the rf/mw
spectroscopy can be referenced to high stability quartz
oscillators (�f/f ⇠ 10�13) to resolve the fine structure
at the absorption edge.

Alternatively, the LE can be measured using Ramsey
interferometry[8, 9]: initializing the qubit in the |  i
state with weak interactions to the cold atoms, yields a
wavefunction |  i ⌦ | 

0

i at t = 0. By applying a ⇡/2 rf
pulse [35], a superposition of the two qubit states is pro-
duced (|  i + | �i)/

p
2 ⌦ | 

0

i, yielding distinct, qubit
state dependent time evolution for | 

0

i. After time t, a
second ⇡/2 pulse and the measurement of the qubit cur-
rent hÎi ⇠ h�zi is performed, giving a signal proportional
to L(t). The timescale separating Eqs. (13) and (12) is
estimated as ↵/v ⇠ 40 µs from a typical Fermi tempera-
ture of 1 µK or trapping frequency of 25 kHz[33], and tc
can be made even shorter by executing large quenches.
Given the rapid progress of technology of flux qubits[36],
these are already accessible with current coherence times
and will be even more so in the future.

Note added. After accomplishing this work, we became
aware of related proposals to measure the work statistics
in hybrid architectures[37, 38].
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can be made even shorter by executing large quenches.
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LE is calculated by finding the dominant eigenvalue of
a ”generalized” transfer matrix which we obtain by con-
tracting the tensors representing the two states.

The factor L/⇡↵ in the exponent in Eqs. (10) and (13)
contains the unknown short distance cuto↵. However,
its value can be fixed by calculating the fidelity suscep-
tibility, �f , around the non-interacting XX point of the
Heisenberg model, in which case L/2⇡↵ ⇡ N�f⇡

2, where
N is the number of lattice sites and �f ⇡ 0.0195[29].
Using then the Bethe Ansatz result [15], K = ⇡/2[⇡ �
arccos(Jz/J)], we find an excellent agreement with the
numerical data with no fitting parameter (see Fig. 2a).
This excellent agreement is somewhat surprising since,
as expected, the non-universal transient signals clearly
di↵er in the LL approach and the numerics, and also,
because the LL description completely neglects (asymp-
totically irrelevant) back scattering processes, contained
in the the lattice calculations.

Slight deviations show up only at the end points of the
critical region of the XXZ Heisenberg model in Fig. 2.
Close to the Jz = J point, the previously mentioned back
scattering term, driving the Kosterlitz-Thouless phase
transition causes a slight disagreement. Upon approach-
ing the ferromagnetic critical point at Jz = �J , on the
other hand, the validity of bosonization shrinks to very
small energies, and the high energy modes, absent in the
present considerations, also influence the overlap.

Detection: We propose to measure the LE of the LL in
a cold atomic setting, where a flux qubit[30, 31] is used
to control the interaction between a the atoms. Though
here we focus on a one dimensional LL, the proposed
setup also opens up the possibility to study the LE in
higher dimensional interacting systems. The flux qubit
consists of a Josephson junction circuit, and is governed
by the Hamiltonian H

qubit

= ✏�z + ��x, with � the
tunneling between the two eigenstates of �z, |  i and
| �i, carrying oppositely circulating persistent currents,
±I, and ✏ the energy splitting. In addition to the ex-
ternal flux, �

ext

, the states |  i and | �i generate an
additional flux, �f . Ideally, tunneling between them is
suppressed. The one-dimensional quantum gas is pre-
pared in a two-dimensional optical lattice potential[32]
at the chip surface, hosting the flux qubit. A few mi-
crons thick, high reflectivity (>99.9%) dielectric coating
of the chip (not shown in Fig. 1) can shield the super-
conducting device from the laser power (mW) incident
during the measurement time (ms). The quantum gas is
positioned at the flux qubit (see Fig. 1) by positioning
the laser beams (optical tweezers), such that the total
magnetic field of the state | �i of flux �

ext

+ �f be at
a Feshbach resonance, while the field of the state |  i
of flux �ext � �f , be further away from the resonance.
We estimated the qubit switching-induced magnetic field
di↵erence for an elongated rectangular flux qubit, with

parallel sides comparable to the length of a typical cold
atomic tube (⇠ 10 µm). Assuming a persistent current
of I = 2µA and a separation of d = 2R = 2µm between
the two lines of the qubit, we obtain a field di↵erence
�Bf ⇠ 16 mG. Although relatively small, this field is
comparable to the width �B = 15 mG of some narrow
Feshbach resonances used to realize a LL in 87Rb sys-
tems [33].

In this setup, one could use rf spectroscopy and mea-
sure the absorption spectrum of the qubit [34] in the pres-
ence and in the absence of the trapped gas. Similar to
the X-ray edge singularity problem, this absorption sig-
nal is just proportional to the Fourier transform of the
LE. In this case, the qubit can be positioned far away
from the degeneracy point, at |✏| � �, and the rf/mw
spectroscopy can be referenced to high stability quartz
oscillators (�f/f ⇠ 10�13) to resolve the fine structure
at the absorption edge.

Alternatively, the LE can be measured using Ramsey
interferometry[8, 9]: initializing the qubit in the |  i
state with weak interactions to the cold atoms, yields a
wavefunction |  i ⌦ | 

0

i at t = 0. By applying a ⇡/2 rf
pulse [35], a superposition of the two qubit states is pro-
duced (|  i + | �i)/

p
2 ⌦ | 

0

i, yielding distinct, qubit
state dependent time evolution for | 

0

i. After time t, a
second ⇡/2 pulse and the measurement of the qubit cur-
rent hÎi ⇠ h�zi is performed, giving a signal proportional
to L(t). The timescale separating Eqs. (13) and (12) is
estimated as ↵/v ⇠ 40 µs from a typical Fermi tempera-
ture of 1 µK or trapping frequency of 25 kHz[33], and tc
can be made even shorter by executing large quenches.
Given the rapid progress of technology of flux qubits[36],
these are already accessible with current coherence times
and will be even more so in the future.

Note added. After accomplishing this work, we became
aware of related proposals to measure the work statistics
in hybrid architectures[37, 38].
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FIG. 2: Positioning atoms close to a superconducting coplanar microwave resonator (CPR).
(a) Scheme of the trapping of atoms in the gap of a superconducting quarter wavelength CPR. The trap inside the gap is a result of the
magnetic fields generated by the current of the trapping wire ITrap and by the screening current IScr in the ground plane. These fields

cancel with an externally applied bias field. The embedded plot (black dots) is the simulated distribution of the screening currents in the
superconductor. These currents keep the flux in the superconducting loop constant and the interior of the films field free. The transverse

profile of the magnetic potential is shown in color. The dark blue corresponds to the potential minimum. (b) Position of the trap for
different currents in the trapping wire and different angles ↵ between the bias field and the surface of the chip. ↵ = B

bias

z /B

bias

y is varied
by changing B

bias

z with B

bias

y = 2.3G constant. The position of the atoms has been measured by in-situ absorption imaging (See
Methods). For small angles, the trap behaves as for a normal conducting chip, i.e., when the current is reduced in the trapping wire

(ITrap), the trap moves towards it. For large angles, this behavior is modified and the trap is focussed into the gap between the center
conductor and the ground plane of the CPR. The agreement between measurement (circles) and simulations (dotted and solid line with
dots) proves that positioning of the atoms in the gap of the CPR can be facilitated by screening currents IScr in the ground planes. The

simulations [26, 27] are performed with no adjustable parameter and assume a Meissner state for the superconductor. Gravity, g, is
oriented upwards. (c) Top: Potential energy landscape of a persistent-current trap above the central conductor (red) of the CPR. This

trap is generated by the superposition of a vertical homogeneous bias field B

bias ⇡ 1.2G and the field induced by the screening currents.
To enhance the screening currents at a given bias field, a non-zero flux is trapped in the gap of the CPR during the cool down of the

cryostat (Freezing field, Bfreezing ⇡ 0.8G). Isolines are separated by 100 nK. Bottom: Screening current density distribution induced by
the combination of bias field and freezing field.

such deformations in the vicinity of the CPR, the de-
sign shown in Fig.1(c) includes four Z-shaped wires with
widths ranging from 100 µm to 15 µm. Starting from the
largest Z-wire trap, the atoms are first horizontally trans-
ferred to the third Z-wire trap. The fourth and last wire
(15 µm width) revealed to be unnecessary. At 100 µm
below the third trapping wire, the trap needs to be ro-
tated towards the CPR gap. Two parameters are classi-
cally used to manipulate atoms on a chip; the value of
the trapping wire current modifies the trap-wire distance
and the direction of the bias field rotates the trap around
the trapping wire. Because of the MOE, positioning that
is straight forward for a normal conducting chip, is more
subtle for a superconducting atom-chip. In the present
case, we take advantage of the conservation of magnetic
flux in superconducting loops to directly guide the atoms
below the gap of the CPR.

The design of the quarter-wave CPR includes a su-
perconducting loop formed by the ground planes of the

resonator (blue in Fig. 2(a)). When a field perpendic-
ular to the substrate is applied, such as the bias field,
a screening current is induced in the ground planes and
ensures the conservation of the magnetic flux in this su-
perconducting loop. Such a current, that circulates just
next to the gap, generates a magnetic field profile that
guides the atoms into the gap. At distances comparable
to the width of the ground planes, such guiding is further
enhanced by the MOE that focusses magnetic field lines
and generates magnetic gradients that center the cloud in
the gap. The guiding of atoms into the gap is observed
by in-situ measurements of the position of the atomic
cloud for different bias field orientations (angle ↵ in Fig.
2(b)) and different currents in the wire (Fig. 2(b)). For
each experimental point, the cloud is first brought to a
trap-wire distance of ⇠ 100 µm, rotated to the angle ↵

and then moved to the desired trapping current. The
measured position (y, z) agrees well with a 2D simula-
tion of the London equations [26], that includes gravity
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the Luttinger liquid (LL) description for a time depen-
dent Hamiltonian. The LL approach neglects irrelevant
terms, which are inevitably present in realistic systems.
Therefore, to test and validate the LL predictions, we
investigate numerically the XXZ Heisenberg chain, con-
taining all sorts of irrelevant terms [15], using matrix-
product state (MPS) based methods. We find excellent
agreement with the LL results in the asymptotic limit.
Furthermore, we propose an experimental setup to mea-
sure the LE of a Luttinger liquid, where a flux qubit
coupled to a Feshbach resonance is used to control the
interaction in one-dimensional cold atom gas (see Fig. 1).

Model. A LL can be described in terms of bosonic
sound-like collective excitations, regardless to the statis-
tics of the original system. The LL Hamiltonian is given
by[15]

H
0

=
X

q 6=0

✓
!qa

+

q aq +
gi(q)

2
[aqa�q + a+q a

+

�q]

◆
, (2)

where gi(q) is the initial interaction, and !q the energy
of bosonic excitations. In the following, we shall assume
that H = H(t) has the same form as Eq. (2), but with a
time dependent coupling,

gq ! gq(t) = gi(q) +�gq(t), (3)

where �gq(t) = [gi(q)� gf (q)]Q(t), and gf (q) is the final
interaction strength. For a conventional LE Q(t) ⌘ 1
for t > 0, but here we allow any time dependence, and
only assume that Q(0) = 0 and Q(t) = 1 after some
”transition time” ⌧ [16].

The Hamiltonian H(t) is quadratic, and can be diago-
nalized at any instance. Its initial and final quasiparticle
spectra are simply given by !i/f (q) = (!2

q � g2i/f (q))
1/2,

and the strength of interaction in these states is conve-
niently characterized by the dimensionless LL parame-

ters, Ki/f =
q⇥

!q � gi/f (q)
⇤
/
⇥
!q + gi/f (q)

⇤
.

To compute the LE, it is convenient to first diagonal-
ize Eq. (2) by a standard, time independent Bogoliubov
transformation, yielding H

0

=
P

q 6=0

!i(q) b+q bq up to a
constant shift of energy. In this basis, H(t) reads

H =
X

q 6=0

!(q, t)b+q bq +
g(q, t)

2
[bqb�q + b+q b

+

�q] + . . . (4)

with !(q, t) = !i(q) � �gq(t)
gi(q)
!i(q)

and g(q, t) =

�gq(t)
!q

!i(q)
, and the dots stand for an unimportant time

dependent energy shift. We emphasize that our setting
is very general [17], and equally applies for a spinless
fermion, boson or spin system[15].

Analytical results. In order to calculate the LE[18],
we need to determine the wave function of our quenched
LL. This can be achieved by realizing that Eq. (4) cou-
ples only pairs of states with q and �q. Consequently,
the total time-evolution operator is the product of the

separate evolution operators Uq(t) for all q’s. Finding
Uq(t) for a given pair of modes can be accomplished by
realizing that the operators appearing in the Hamilto-
nian, K

0

(q) = (b+q bq + b�qb
+

�q)/2, K+

(q) = b+q b
+

�q and
K�(q) = bqb�q are the generators of SU(1,1) Lie alge-
bra. Generalizing the results of squeeze operators to the
present case, and exploiting a faithful matrix representa-
tion of the SU(1,1) generators [19], the time evolution
operator Uq(t) can finally be expressed as [20]

Uq(t) = exp[C
+

(q, t)K
+

(q)] exp[C
0

(q, t)K
0

(q)]⇥
⇥ exp[C�(q, t)K�(q) + i'q(t)]. (5)

Here 'q(t) is an unimportant phase, and the coe�cients
C

0

(q, t) and C±(q, t) can be expressed in terms of the
time dependent Bogoliubov coe�cients, uq(t) and vq(t),
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with �(t) an overall phase factor. This generalizes the
equilibrium results[12, 13] to the non-equilibrium situa-
tion, encoded via the time dependent Bogoliubov coe�-
cients. Then the time evolution under the action of H
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is trivial, since | 
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i only picks up a phase, and the LE
takes a particularly simple form
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This result, in combination with Eq. (7) determines the
complete time dependence of the generalized LE in a LL.
It holds true for any non-equilibrium evolution, and ex-
presses the LE solely in terms of the number of excited
quasiparticles in the final state. We regularize the q sums
in (9) by an exp(�↵|q|) factor, with 1/↵ an ultraviolet
cuto↵[15].
We can now use the function Q(t) to calculate the LE.

Changing Q(t) adiabatically, one obtains from Eq. (7)
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q (t)|2 = 1/2 + (Ki/Kf +Kf/Ki) /4 for times t > ⌧ .
The LE is in this case just the overlap of the ground states
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of the initial and final Hamiltonian and, in agreement
with Refs. [12, 13], reads as
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with L being the system size. This remains valid in the
steady state for near-adiabatic quenches, ⌧ � ↵/v with
v being the sound velocity in the final state.

For Q(t > 0) = 1, i.e., a conventional ”sudden quench”
(SQ) [21] LE, however, Eq. (7) yields
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with !f (q) = v|q| denoting the excitation energy after
the quench. By plugging this back to Eq. (9), we find
for the short time limit (t ⌧ ↵/v)

LSQ(t) ⇠ exp
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�c L (t/tc)
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(12)

where c is a non-universal constant of order unity. The
characteristic decay time of this expression is tc ⌘
4↵/v|Kf/Ki �Ki/Kf |, and 1/t2c ⇠ can be identified as
the variance of energy per particle after the quench per
particle. For intermediate times t ⇠ tc, the LE displays a
non-universal transient signal (see Fig. 2b), however, for
very long times, t � ↵/v, the LE for SQ becomes time
independent and universal:
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which holds also true for fast quenches, ⌧ ⌧ ↵/v. Exci-
tations are only produced at t = 0, which interfere with
each other for a short amount of time, causing Eq. (12),
but after this phase coherence is lost, excitations prop-
agate independently and only their total number deter-
mines the overlap.

By Eq. (10) we just established that for t ! 1

LSQ = L2

ad. (14)

This can be understood in terms of simple physical ar-
guments and must hold in general, too[10]: the adiabatic
LE measures just the square of the overlap hG|G
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eigenstates of H between the two propagators, the ex-
cited states amount in oscillating terms, interfering de-
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ad . Using the anal-
ogy to work statistics[18], this is the square of the prob-
ability to stay in the ground state after the quench.
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.

The exponent of the LE is further enhanced[20] by re-
peating the Q(t > 0): SQ to 1, holding time t, SQ to
0, holding time t sequence n times (bang-bang protocol).
The generalized LE is the nth power of the SQ overlap
in Eq. (13) as Ln(2nt) = Ln

SQ(t) = L2n
ad in the post-

quench steady state, therefore the exponent is enhanced
by a factor of n. Similar protocols are frequently used for
qubits [22] to achieve dynamical-decoupling as e.g. the
multipulse extensions of the Hahn echo, and the resulting
sequence of sudden quenches between two Hamiltonians
is the simplest form of periodic driving, also relevant for
dynamical localization [23].
Numerics. We tested the analytical predictions numer-

ically on the one-dimensional XXZ Heisenberg model[15],
covering 1/2 < K < 1, for adiabatic ramps and SQ
from Jz = 0 to a finite Jz. We performed the simulations
using a combination of MPS [24] based infinite density
matrix renormalization group [25–27] to find the ground
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which holds also true for fast quenches, ⌧ ⌧ ↵/v. Exci-
tations are only produced at t = 0, which interfere with
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.

The exponent of the LE is further enhanced[20] by re-
peating the Q(t > 0): SQ to 1, holding time t, SQ to
0, holding time t sequence n times (bang-bang protocol).
The generalized LE is the nth power of the SQ overlap
in Eq. (13) as Ln(2nt) = Ln

SQ(t) = L2n
ad in the post-

quench steady state, therefore the exponent is enhanced
by a factor of n. Similar protocols are frequently used for
qubits [22] to achieve dynamical-decoupling as e.g. the
multipulse extensions of the Hahn echo, and the resulting
sequence of sudden quenches between two Hamiltonians
is the simplest form of periodic driving, also relevant for
dynamical localization [23].
Numerics. We tested the analytical predictions numer-

ically on the one-dimensional XXZ Heisenberg model[15],
covering 1/2 < K < 1, for adiabatic ramps and SQ
from Jz = 0 to a finite Jz. We performed the simulations
using a combination of MPS [24] based infinite density
matrix renormalization group [25–27] to find the ground

(t >> tc )
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of the initial and final Hamiltonian and, in agreement
with Refs. [12, 13], reads as
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Ki

◆◆�L/2⇡↵

, (10)

with L being the system size. This remains valid in the
steady state for near-adiabatic quenches, ⌧ � ↵/v with
v being the sound velocity in the final state.

For Q(t > 0) = 1, i.e., a conventional ”sudden quench”
(SQ) [21] LE, however, Eq. (7) yields

|uq(t)|2 = 1 +
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4
sin2(!f (q)t)
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with !f (q) = v|q| denoting the excitation energy after
the quench. By plugging this back to Eq. (9), we find
for the short time limit (t ⌧ ↵/v)

LSQ(t) ⇠ exp
�
�c L (t/tc)

2/↵
�

(12)

where c is a non-universal constant of order unity. The
characteristic decay time of this expression is tc ⌘
4↵/v|Kf/Ki �Ki/Kf |, and 1/t2c ⇠ can be identified as
the variance of energy per particle after the quench per
particle. For intermediate times t ⇠ tc, the LE displays a
non-universal transient signal (see Fig. 2b), however, for
very long times, t � ↵/v, the LE for SQ becomes time
independent and universal:
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which holds also true for fast quenches, ⌧ ⌧ ↵/v. Exci-
tations are only produced at t = 0, which interfere with
each other for a short amount of time, causing Eq. (12),
but after this phase coherence is lost, excitations prop-
agate independently and only their total number deter-
mines the overlap.

By Eq. (10) we just established that for t ! 1

LSQ = L2

ad. (14)

This can be understood in terms of simple physical ar-
guments and must hold in general, too[10]: the adiabatic
LE measures just the square of the overlap hG|G

0

i of
the ground state of the initial and final Hamiltonians,
which is the probability weight of the ground state of
H in |G
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i. Inserting here the complete set of
eigenstates of H between the two propagators, the ex-
cited states amount in oscillating terms, interfering de-
structively, and only the ground state contribution re-
mains, yielding asymptotically in the thermodynamic
limit |h�(t)|�

0

(t)i| = |hG|G
0

i|2, and thus LSQ(t) =

|h�(t)|�
0
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0
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ad . Using the anal-
ogy to work statistics[18], this is the square of the prob-
ability to stay in the ground state after the quench.
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.

The exponent of the LE is further enhanced[20] by re-
peating the Q(t > 0): SQ to 1, holding time t, SQ to
0, holding time t sequence n times (bang-bang protocol).
The generalized LE is the nth power of the SQ overlap
in Eq. (13) as Ln(2nt) = Ln

SQ(t) = L2n
ad in the post-

quench steady state, therefore the exponent is enhanced
by a factor of n. Similar protocols are frequently used for
qubits [22] to achieve dynamical-decoupling as e.g. the
multipulse extensions of the Hahn echo, and the resulting
sequence of sudden quenches between two Hamiltonians
is the simplest form of periodic driving, also relevant for
dynamical localization [23].
Numerics. We tested the analytical predictions numer-

ically on the one-dimensional XXZ Heisenberg model[15],
covering 1/2 < K < 1, for adiabatic ramps and SQ
from Jz = 0 to a finite Jz. We performed the simulations
using a combination of MPS [24] based infinite density
matrix renormalization group [25–27] to find the ground

Rossini et al, Phys. Rev. A  (2007) 
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the velocity are changed within a quench time ! , with
the quench protocol Q(t) satisfying Q(t < 0) = 0 and
Q(! < t) = 1. For a linear quench, in particular, Q(0 <
t < !) = t/! . Eq. (1) constitutes the e!ective model for
bosons quenched away from the hard-core limit as well
as for fermions quenched away from the non-interacting
limit, or for an XXZ spin chain [13, 20].

Since Eq. (1) is quadratic, the time evolution
can be formally determined exactly. From the
Heisenberg equation of motion, we obtain [20]

bq(t) = uq(t) bq(0) + v!
q (t) b+

"q(0) , (2)

where the time dependence is carried by the time depen-
dent Bogoliubov coe"cients uq(t) and vq(t), satisfying

i"t

!

uq(t)
vq(t)

"

=

!

#q(t) gq(t)
!gq(t) !#q(t)

" !

uq(t)
vq(t)

"

, (3)

with the initial condition uq(0) = 1, vq(0) = 0.
Generating function of work. Armed with the for-

mal solution of the time-dependent Bogoliubov equa-
tions, Eq. (2), we analyze the statistics of work done.
Albeit the work done has been studied in classical statis-
tical mechanics exhaustively, its quantum generalization
has been carried out only recently [8], and its proper-
ties are known for very few systems. The quantum
work cannot be represented by a single Hermitian opera-
tor (" not an observable), but rather its characterization
requires two successive energy measurements, one before
and one after the time dependent protocol (thus work
characterizes a process). The knowledge of all possible
outcomes of such measurements yields the full probability
distribution function (PDF) of work done on the system.

The characteristic function of work after the quench,
G($) #

#

dW eiW! P (W ) can be expressed as [8]

G($, !) = $exp[i$HH(t > !)] exp[!i$HH(0)]% , (4)

where HH(t) is the Hamilton in the Heisenberg picture,
and the expectation value is taken with the initial ther-
mal state. For a sudden quench (SQ) ! = 0, and
G($, !) coincides with the Loschmidt echo [11].
The expectation value (4) is independent of t for t > ! ,
but depends on the quench protocol and its duration
! . HH(t) is obtained by expressing the time dependent
boson operators in Eq. (1) using Eq. (2). Eq. (4) can
then be evaluated at T = 0 temperature using
identities familiar from the theory of squeezing
operators, yielding [22]

ln G($, !) = i$Ead !
$

q>0

ln
%

1 + nq(1 ! e2i !q!)
&

, (5)

with Ead = Ef ! Ei the di!erence between the adia-
batic ground state energies in the final and initial state,
and nq = [#q(t) ! #q + 2Im{v!

q (t)"tvq(t)}]/2#q the oc-
cupation number of mode q in the final LL state, and

#q =
'

#2
q (t > !) ! g2

q (t > !) the corresponding ex-

citation energy [13].
Generalized Gibbs ensemble. The fact that Eq. (5) de-

pends only on the occupation numbers of the steady state
indicates that a generalized Gibbs ensemble (GGE) may
describe the final state [7]. The analytic construc-
tion of the final density matrix is usually an in-
admissible task. Therefore, one typically focuses
only on few body observables, and tries to build
an approximate density matrix describing these.
Such an approach is, however, unable to account
for the complete PDF of work, which depends on
all possible moments of energy.

In our case, the final Hamiltonian can be diago-
nalized by a Bogoliubov transformation giving Hf =
(

q #=0 #qn̂q + Ef . In the steady state, the n̂q’s and their
arbitrary products are constants of motion, and there-
fore the density matrix of the GGE should be built up,
in principle, from all of these operators [18]. We find,
however, that for a T = 0 temperature quench the
density operator

%̂G =
1

ZG

)

q>0

exp [!&q#qn̂q] 'n̂q,n̂
!q

, (6)

accounts for all intermode correlations in the fi-
nal state. Here the mode dependent inverse tem-
peratures &q are defined through nq # $n̂q% #
1/[exp(&q#q)! 1], and ZG = Tr{exp[!

(

q>0 &q#qn̂q]}.
Indeed, it is easy to show that Tr{%̂G ei!(Hf"Ei)}
reproduces G($, !) and thus the complete work
distribution. Moreover, it gives back the expec-
tation value of any product of the operators n̂q.
Notice that the delta-functions in %̂G imply per-
fect correlations between the mode pairs ±q.

The structure of (6) follows from the observation
that, while time evolution does not conserve the num-
ber of bosons in a given pair of modes ±q, it preserves
n̂q(t) ! n̂"q(t). Since the only non-zero element of the
initial density matrix corresponds to n̂q = n̂"q = 0 at
zero temperature, this can only evolve along the diago-
nal ”direction”, n̂q(t) ! n̂"q(t) = 0. The assumption
that evolution during the quantum quench ther-
malizes the energy distribution of a given momen-
tum pair with this constraint then amounts in the
density matrix, Eq. (6). A given pair of modes
thus thermalizes only along the diagonal of the
density matrix, n̂q = n̂"q, characterized by an ef-
fective inverse temperature &q, while the weight
of the non-diagonal states n̂q &= n̂"q remains zero,
as in the initial state. Though umklapp processes
may lead to further thermalization at larger time
scales, this structure is expected to be stable within ex-
perimental time scales [22].

Perturbative generating function. Though an ex-
act solution is formally also possible, the general

Finite	  ini4al	  T	  
T	  =	  0	  

temperature	  

correla4ons	  Mode	  dependent	  	  
temperature	  

B. Dóra, Á. Bácsi, and G. Z., PRB 86, 161109(R) (2012); 
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of the initial and final Hamiltonian and, in agreement
with Refs. [12, 13], reads as
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with L being the system size. This remains valid in the
steady state for near-adiabatic quenches, ⌧ � ↵/v with
v being the sound velocity in the final state.

For Q(t > 0) = 1, i.e., a conventional ”sudden quench”
(SQ) [21] LE, however, Eq. (7) yields

|uq(t)|2 = 1 +
1

4
sin2(!f (q)t)
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with !f (q) = v|q| denoting the excitation energy after
the quench. By plugging this back to Eq. (9), we find
for the short time limit (t ⌧ ↵/v)

LSQ(t) ⇠ exp
�
�c L (t/tc)

2/↵
�

(12)

where c is a non-universal constant of order unity. The
characteristic decay time of this expression is tc ⌘
4↵/v|Kf/Ki �Ki/Kf |, and 1/t2c ⇠ can be identified as
the variance of energy per particle after the quench per
particle. For intermediate times t ⇠ tc, the LE displays a
non-universal transient signal (see Fig. 2b), however, for
very long times, t � ↵/v, the LE for SQ becomes time
independent and universal:
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which holds also true for fast quenches, ⌧ ⌧ ↵/v. Exci-
tations are only produced at t = 0, which interfere with
each other for a short amount of time, causing Eq. (12),
but after this phase coherence is lost, excitations prop-
agate independently and only their total number deter-
mines the overlap.

By Eq. (10) we just established that for t ! 1

LSQ = L2

ad. (14)

This can be understood in terms of simple physical ar-
guments and must hold in general, too[10]: the adiabatic
LE measures just the square of the overlap hG|G

0

i of
the ground state of the initial and final Hamiltonians,
which is the probability weight of the ground state of
H in |G
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i. For a regular LE, h�(t)|�
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(t)i =
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0

i. Inserting here the complete set of
eigenstates of H between the two propagators, the ex-
cited states amount in oscillating terms, interfering de-
structively, and only the ground state contribution re-
mains, yielding asymptotically in the thermodynamic
limit |h�(t)|�

0

(t)i| = |hG|G
0

i|2, and thus LSQ(t) =

|h�(t)|�
0

(t)i|2 t!1���! |hG|G
0

i|4 = L2

ad . Using the anal-
ogy to work statistics[18], this is the square of the prob-
ability to stay in the ground state after the quench.
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.

The exponent of the LE is further enhanced[20] by re-
peating the Q(t > 0): SQ to 1, holding time t, SQ to
0, holding time t sequence n times (bang-bang protocol).
The generalized LE is the nth power of the SQ overlap
in Eq. (13) as Ln(2nt) = Ln

SQ(t) = L2n
ad in the post-

quench steady state, therefore the exponent is enhanced
by a factor of n. Similar protocols are frequently used for
qubits [22] to achieve dynamical-decoupling as e.g. the
multipulse extensions of the Hahn echo, and the resulting
sequence of sudden quenches between two Hamiltonians
is the simplest form of periodic driving, also relevant for
dynamical localization [23].
Numerics. We tested the analytical predictions numer-

ically on the one-dimensional XXZ Heisenberg model[15],
covering 1/2 < K < 1, for adiabatic ramps and SQ
from Jz = 0 to a finite Jz. We performed the simulations
using a combination of MPS [24] based infinite density
matrix renormalization group [25–27] to find the ground

1
K
=
2
π
π − arccos Jz / J( )"# $%Lu7nger	  parameter	  (from	  Bethe	  Ansatz):	  

L
2πα

= N × 0.192 from	  fidelity	  suscepPbility	  
[J. Sirker, PRL 105, 117203 (2010)] 

B. Dóra, F. Pollmann, J. Fortágh, and G.Z. , PRL  (2013) 
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of the initial and final Hamiltonian and, in agreement
with Refs. [12, 13], reads as

Lad =

✓
1

2
+

1

4

✓
Ki

Kf
+

Kf

Ki

◆◆�L/2⇡↵

, (10)

with L being the system size. This remains valid in the
steady state for near-adiabatic quenches, ⌧ � ↵/v with
v being the sound velocity in the final state.

For Q(t > 0) = 1, i.e., a conventional ”sudden quench”
(SQ) [21] LE, however, Eq. (7) yields
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with !f (q) = v|q| denoting the excitation energy after
the quench. By plugging this back to Eq. (9), we find
for the short time limit (t ⌧ ↵/v)

LSQ(t) ⇠ exp
�
�c L (t/tc)
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(12)

where c is a non-universal constant of order unity. The
characteristic decay time of this expression is tc ⌘
4↵/v|Kf/Ki �Ki/Kf |, and 1/t2c ⇠ can be identified as
the variance of energy per particle after the quench per
particle. For intermediate times t ⇠ tc, the LE displays a
non-universal transient signal (see Fig. 2b), however, for
very long times, t � ↵/v, the LE for SQ becomes time
independent and universal:
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which holds also true for fast quenches, ⌧ ⌧ ↵/v. Exci-
tations are only produced at t = 0, which interfere with
each other for a short amount of time, causing Eq. (12),
but after this phase coherence is lost, excitations prop-
agate independently and only their total number deter-
mines the overlap.

By Eq. (10) we just established that for t ! 1

LSQ = L2

ad. (14)

This can be understood in terms of simple physical ar-
guments and must hold in general, too[10]: the adiabatic
LE measures just the square of the overlap hG|G
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.

The exponent of the LE is further enhanced[20] by re-
peating the Q(t > 0): SQ to 1, holding time t, SQ to
0, holding time t sequence n times (bang-bang protocol).
The generalized LE is the nth power of the SQ overlap
in Eq. (13) as Ln(2nt) = Ln

SQ(t) = L2n
ad in the post-

quench steady state, therefore the exponent is enhanced
by a factor of n. Similar protocols are frequently used for
qubits [22] to achieve dynamical-decoupling as e.g. the
multipulse extensions of the Hahn echo, and the resulting
sequence of sudden quenches between two Hamiltonians
is the simplest form of periodic driving, also relevant for
dynamical localization [23].
Numerics. We tested the analytical predictions numer-

ically on the one-dimensional XXZ Heisenberg model[15],
covering 1/2 < K < 1, for adiabatic ramps and SQ
from Jz = 0 to a finite Jz. We performed the simulations
using a combination of MPS [24] based infinite density
matrix renormalization group [25–27] to find the ground
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properties of the final work PDF are already cap-
tured by a more transparent perturbative solution of
Eq. (3) [20]. We thus expand Eq. (5) for small g2(q)
and !v, and get for large system sizes L

lnG(", #) = iEad

!

" !
!

"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)#0"

" [f(t1 ! t2 + ") ! f(t1 ! t2)]
#

. (7)

Here Ead = !(L/v)(g2/v#0)2/16$ + · · · < 0 and f(t) =
#0/(t + i#0), with #0 a short time cut-o! associated with
the finite range of interaction, g2(q) = g2 exp(!#0v|q|).
Interestingly, the velocity renormalization, !v does not
enter to lowest order. The cumulants, Cn of the work
done can be derived by expanding Eq. (7) in " (see [22]).

Work PDF: generic properties. To analyze the PDF
of work it is worth introducing the dimensionless work,
measured with respect to the adiabatic ground state en-
ergy shift,

w # (W ! Ead)/|Ead| . (8)

The distribution of w is then obtained by Fourier
transforming G(", #) as

P(w) = Pad !(w) + %(w) . (9)

The Dirac-delta peak corresponds to the probability of
staying in the adiabatic ground state, while the broad
structure %(w) is associated with transitions to excited
states with w > 0. The weight Pad can be expressed as

ln (Pad) = !i&

!
"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)f(t1 ! t2) . (10)

The prefactor & = |Ead#0| $ N(g2/v)2 denotes the total
angle of Bogoliubov rotations (N $ L/v#0 is the num-
ber of particles), and can be viewed as the many-body
orthogonality exponent. It is also closely related to the
fidelity susceptibility [? ]. Alternatively, we can rewrite
it as & $ L/l with l the mean free path. Thus & ! 1 de-
scribes, using fidelity nomenclature, the thermodynamic
/ small system limits [23] or, alternatively, corresponds
to the di!usive/ballistic limits, respectively, depending
on the picture used.

In the adiabatic limit (# % &), a finite system al-
ways stays in its ground state, and the time evolved wave
function coincides with the lowest energy eigenfunction
of the instantaneous Schrödinger equation [24]. Con-
sequently, only the first term remains in Eq. (9) with
Pad = 1. For # ' #0, on the other hand, Pad scales as
$ exp(!&) $ exp(!cst. L) (see Fig. 1), and in the limit
L % & — but fixed interaction — Pad vanishes due to
the orthogonality catastrophe.

Sudden quench (SQ) limit. In the extreme limit
of a SQ, # ' #0, G(", #) simplifies to G(") =

exp
$

iEad"2/(" + i#0)
%

, and the continuum part of the
PDF of work is evaluated exactly as

%SQ(w) = Pad exp(!&w)
&(
w

I1

&

2&
(

w
'

, (11)

with Pad = exp(!&) and I1(x) the modified Bessel func-
tion of the first kind. This is the non-central '2 distribu-
tion with non-centrality parameter 4& in the limit of zero
degrees of freedom [25]. The average work is zero [20],
since for a SQ the system remains in its initial
state and — on average — there is no back reac-
tion. Entropy is, however, generated by populating
high and low energy configurations.

The shape of %(w) depends crucially on the orthogo-
nality parameter, &. In the thermodynamic limit, & ) 1,
almost all probability weight is carried by a peak centered
at around W = 0 (w = 1) and of width "W $ |Ead|/

(
&,

%""1
SQ (w ) &#2) *

exp
!

!& [1 !
(

w]
2
#

w3/4
(

4$&#1
, (12)

whose high energy tail decays according to the Gamma
distribution, $ exp(!&w)/w3/4. In the small system
regime & ' 1, on the other hand, the delta function
retains almost all weight, and transfers only a fraction
$ & to an exponential distribution of width $ |Ead|/&
and threshold at Ead for w ' &#2. In the cross-over
regime, & $ 1, the maximum shifts to lower energies and
the PDF of work develops a sizable value right above the
threshold at Ead (see Fig. 1). The typical work (the
maximum of P (W )) occurs at W > Ead for & > 2, while
the PDF becomes monotonically decreasing for & < 2.

Finite quench times. For finite duration quenches,
in addition to the orthogonality parameter &, the
work statistics also depends on # and the proto-
col Q(t) itself. For definiteness, we focus here on
a linear quench [22], and measure the degree of
adiabaticity by #̃ = #/#0.

For a finite duration quench, #̃ > 1, only a frac-
tion 1/#̃ of the excitations experiences the quench
as sudden. Consequently, in the expression of
Pad, the orthogonality exponent & is replaced by
&! $ &/#̃ , and Pad becomes a monotonously in-
creasing function of #̃ (see inset of Fig. 1).

Close to the threshold, W !Ead ' 1/# , only states
with energy smaller than 1/# and thus feeling a SQ con-
tribute to work. Therefore, apart from a normalization
factor, the PDF of work agrees with the SQ result,

P(W ! Ead ' ##1) * Pad exp(&)PSQ(W ) , (13)

and depends on # only through Pad.
For #̃ ) 1, however, Eq. (13) describes only a

small region close to Ead (see thin black lines in
Fig. 1), and the overall shape depends both on &
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properties of the final work PDF are already cap-
tured by a more transparent perturbative solution of
Eq. (3) [20]. We thus expand Eq. (5) for small g2(q)
and !v, and get for large system sizes L

lnG(", #) = iEad

!

" !
!

"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)#0"

" [f(t1 ! t2 + ") ! f(t1 ! t2)]
#

. (7)

Here Ead = !(L/v)(g2/v#0)2/16$ + · · · < 0 and f(t) =
#0/(t + i#0), with #0 a short time cut-o! associated with
the finite range of interaction, g2(q) = g2 exp(!#0v|q|).
Interestingly, the velocity renormalization, !v does not
enter to lowest order. The cumulants, Cn of the work
done can be derived by expanding Eq. (7) in " (see [22]).

Work PDF: generic properties. To analyze the PDF
of work it is worth introducing the dimensionless work,
measured with respect to the adiabatic ground state en-
ergy shift,

w # (W ! Ead)/|Ead| . (8)

The distribution of w is then obtained by Fourier
transforming G(", #) as

P(w) = Pad !(w) + %(w) . (9)

The Dirac-delta peak corresponds to the probability of
staying in the adiabatic ground state, while the broad
structure %(w) is associated with transitions to excited
states with w > 0. The weight Pad can be expressed as

ln (Pad) = !i&

!
"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)f(t1 ! t2) . (10)

The prefactor & = |Ead#0| $ N(g2/v)2 denotes the total
angle of Bogoliubov rotations (N $ L/v#0 is the num-
ber of particles), and can be viewed as the many-body
orthogonality exponent. It is also closely related to the
fidelity susceptibility [? ]. Alternatively, we can rewrite
it as & $ L/l with l the mean free path. Thus & ! 1 de-
scribes, using fidelity nomenclature, the thermodynamic
/ small system limits [23] or, alternatively, corresponds
to the di!usive/ballistic limits, respectively, depending
on the picture used.

In the adiabatic limit (# % &), a finite system al-
ways stays in its ground state, and the time evolved wave
function coincides with the lowest energy eigenfunction
of the instantaneous Schrödinger equation [24]. Con-
sequently, only the first term remains in Eq. (9) with
Pad = 1. For # ' #0, on the other hand, Pad scales as
$ exp(!&) $ exp(!cst. L) (see Fig. 1), and in the limit
L % & — but fixed interaction — Pad vanishes due to
the orthogonality catastrophe.

Sudden quench (SQ) limit. In the extreme limit
of a SQ, # ' #0, G(", #) simplifies to G(") =

exp
$

iEad"2/(" + i#0)
%

, and the continuum part of the
PDF of work is evaluated exactly as

%SQ(w) = Pad exp(!&w)
&(
w

I1

&

2&
(

w
'

, (11)

with Pad = exp(!&) and I1(x) the modified Bessel func-
tion of the first kind. This is the non-central '2 distribu-
tion with non-centrality parameter 4& in the limit of zero
degrees of freedom [25]. The average work is zero [20],
since for a SQ the system remains in its initial
state and — on average — there is no back reac-
tion. Entropy is, however, generated by populating
high and low energy configurations.

The shape of %(w) depends crucially on the orthogo-
nality parameter, &. In the thermodynamic limit, & ) 1,
almost all probability weight is carried by a peak centered
at around W = 0 (w = 1) and of width "W $ |Ead|/

(
&,

%""1
SQ (w ) &#2) *

exp
!

!& [1 !
(

w]
2
#

w3/4
(

4$&#1
, (12)

whose high energy tail decays according to the Gamma
distribution, $ exp(!&w)/w3/4. In the small system
regime & ' 1, on the other hand, the delta function
retains almost all weight, and transfers only a fraction
$ & to an exponential distribution of width $ |Ead|/&
and threshold at Ead for w ' &#2. In the cross-over
regime, & $ 1, the maximum shifts to lower energies and
the PDF of work develops a sizable value right above the
threshold at Ead (see Fig. 1). The typical work (the
maximum of P (W )) occurs at W > Ead for & > 2, while
the PDF becomes monotonically decreasing for & < 2.

Finite quench times. For finite duration quenches,
in addition to the orthogonality parameter &, the
work statistics also depends on # and the proto-
col Q(t) itself. For definiteness, we focus here on
a linear quench [22], and measure the degree of
adiabaticity by #̃ = #/#0.

For a finite duration quench, #̃ > 1, only a frac-
tion 1/#̃ of the excitations experiences the quench
as sudden. Consequently, in the expression of
Pad, the orthogonality exponent & is replaced by
&! $ &/#̃ , and Pad becomes a monotonously in-
creasing function of #̃ (see inset of Fig. 1).

Close to the threshold, W !Ead ' 1/# , only states
with energy smaller than 1/# and thus feeling a SQ con-
tribute to work. Therefore, apart from a normalization
factor, the PDF of work agrees with the SQ result,

P(W ! Ead ' ##1) * Pad exp(&)PSQ(W ) , (13)

and depends on # only through Pad.
For #̃ ) 1, however, Eq. (13) describes only a

small region close to Ead (see thin black lines in
Fig. 1), and the overall shape depends both on &
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properties of the final work PDF are already cap-
tured by a more transparent perturbative solution of
Eq. (3) [20]. We thus expand Eq. (5) for small g2(q)
and !v, and get for large system sizes L

lnG(", #) = iEad

!

" !
!

"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)#0"

" [f(t1 ! t2 + ") ! f(t1 ! t2)]
#

. (7)

Here Ead = !(L/v)(g2/v#0)2/16$ + · · · < 0 and f(t) =
#0/(t + i#0), with #0 a short time cut-o! associated with
the finite range of interaction, g2(q) = g2 exp(!#0v|q|).
Interestingly, the velocity renormalization, !v does not
enter to lowest order. The cumulants, Cn of the work
done can be derived by expanding Eq. (7) in " (see [22]).

Work PDF: generic properties. To analyze the PDF
of work it is worth introducing the dimensionless work,
measured with respect to the adiabatic ground state en-
ergy shift,

w # (W ! Ead)/|Ead| . (8)

The distribution of w is then obtained by Fourier
transforming G(", #) as

P(w) = Pad !(w) + %(w) . (9)

The Dirac-delta peak corresponds to the probability of
staying in the adiabatic ground state, while the broad
structure %(w) is associated with transitions to excited
states with w > 0. The weight Pad can be expressed as

ln (Pad) = !i&

!
"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)f(t1 ! t2) . (10)

The prefactor & = |Ead#0| $ N(g2/v)2 denotes the total
angle of Bogoliubov rotations (N $ L/v#0 is the num-
ber of particles), and can be viewed as the many-body
orthogonality exponent. It is also closely related to the
fidelity susceptibility [? ]. Alternatively, we can rewrite
it as & $ L/l with l the mean free path. Thus & ! 1 de-
scribes, using fidelity nomenclature, the thermodynamic
/ small system limits [23] or, alternatively, corresponds
to the di!usive/ballistic limits, respectively, depending
on the picture used.

In the adiabatic limit (# % &), a finite system al-
ways stays in its ground state, and the time evolved wave
function coincides with the lowest energy eigenfunction
of the instantaneous Schrödinger equation [24]. Con-
sequently, only the first term remains in Eq. (9) with
Pad = 1. For # ' #0, on the other hand, Pad scales as
$ exp(!&) $ exp(!cst. L) (see Fig. 1), and in the limit
L % & — but fixed interaction — Pad vanishes due to
the orthogonality catastrophe.

Sudden quench (SQ) limit. In the extreme limit
of a SQ, # ' #0, G(", #) simplifies to G(") =

exp
$

iEad"2/(" + i#0)
%

, and the continuum part of the
PDF of work is evaluated exactly as

%SQ(w) = Pad exp(!&w)
&(
w

I1

&

2&
(

w
'

, (11)

with Pad = exp(!&) and I1(x) the modified Bessel func-
tion of the first kind. This is the non-central '2 distribu-
tion with non-centrality parameter 4& in the limit of zero
degrees of freedom [25]. The average work is zero [20],
since for a SQ the system remains in its initial
state and — on average — there is no back reac-
tion. Entropy is, however, generated by populating
high and low energy configurations.

The shape of %(w) depends crucially on the orthogo-
nality parameter, &. In the thermodynamic limit, & ) 1,
almost all probability weight is carried by a peak centered
at around W = 0 (w = 1) and of width "W $ |Ead|/

(
&,

%""1
SQ (w ) &#2) *

exp
!

!& [1 !
(

w]
2
#

w3/4
(

4$&#1
, (12)

whose high energy tail decays according to the Gamma
distribution, $ exp(!&w)/w3/4. In the small system
regime & ' 1, on the other hand, the delta function
retains almost all weight, and transfers only a fraction
$ & to an exponential distribution of width $ |Ead|/&
and threshold at Ead for w ' &#2. In the cross-over
regime, & $ 1, the maximum shifts to lower energies and
the PDF of work develops a sizable value right above the
threshold at Ead (see Fig. 1). The typical work (the
maximum of P (W )) occurs at W > Ead for & > 2, while
the PDF becomes monotonically decreasing for & < 2.

Finite quench times. For finite duration quenches,
in addition to the orthogonality parameter &, the
work statistics also depends on # and the proto-
col Q(t) itself. For definiteness, we focus here on
a linear quench [22], and measure the degree of
adiabaticity by #̃ = #/#0.

For a finite duration quench, #̃ > 1, only a frac-
tion 1/#̃ of the excitations experiences the quench
as sudden. Consequently, in the expression of
Pad, the orthogonality exponent & is replaced by
&! $ &/#̃ , and Pad becomes a monotonously in-
creasing function of #̃ (see inset of Fig. 1).

Close to the threshold, W !Ead ' 1/# , only states
with energy smaller than 1/# and thus feeling a SQ con-
tribute to work. Therefore, apart from a normalization
factor, the PDF of work agrees with the SQ result,

P(W ! Ead ' ##1) * Pad exp(&)PSQ(W ) , (13)

and depends on # only through Pad.
For #̃ ) 1, however, Eq. (13) describes only a

small region close to Ead (see thin black lines in
Fig. 1), and the overall shape depends both on &
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! = 20 (thermodynamic limit) ! = 4 (crossover region) ! = 0.2 (small system limit)

−1 −0.5 0 0.5 1
0

1

2

3

4

5

6

7

8

10−2 100 102 104
−1

−0.5

0

W/|Ead|

P
(W

)|
E

a
d
|

"/"0

ln
(P

a
d
)/

!

−1 −0.5 0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

3

W/|Ead|

P
(W

)|
E

a
d
|

−2 0 2 4 6 8 10
0

0.01

0.02

0.03

0.04

W/|Ead|

P
(W

)|
E

a
d
|

FIG. 1. (Color online) The PDF of work done on a LL is plotted after a linear quench from the numerical evaluation of Eq.
(7) (blue solid line). Left panel: ! = 20 with "/"0 = 0, 1, 2.5 and 5 from right to left; middle panel: ! = 4 with "/"0 = 0, 1,
2 and 4 with increasing peak height; right panel: ! = 0.2 with "/"0 = 0, 2, 5, and 25 from right to left. The thick magenta
line denotes the exact SQ expression (Eq. (11)), the red dashed line represent Eq. (15), the thin black line in the middle panel
visualizes Eq. (13), while the green dash-dotted line in the right panel shows Eq. (14). The thick vertical yellow arrow at
W = Ead denotes the Dirac-delta peak with spectral weight Pad, shown in the inset of the right panel on semilog scale as a
function of the ramp time " . The spectral weight under the solid lines for w > 0 is 1 ! Pad.

and !̃ . In the small system limit " ! 1, e.g., we can
expand Eq. (7) to get

#(w) " Pad"
2

!

sin[w"!̃/2]

w"!̃/2

"2

exp(#"w) . (14)

Thus, for a linear quench, for energies commensurate
with the quench time the PDF is zero (see Fig. 1, right
panel). This is related to the steady state behavior of
the occupation numbers, nq " [g2(q) sin(v|q|!)/2v2|q|! ]2

for g2 ! v [22], reflecting that modes with energy com-
mensurate to the quench time stay almost unoccupied at
T = 0. In this limit (" ! 1 and !̃ $ 1), the system
evolves almost adiabatically, non-adiabatic pro-
cesses have only a small probability % "/!̃ , and the
typical work done in case of a rare non-adiabatic
process is !W % 1/! .

Increasing ", the zeros of the PDF turn gradually into
dips, and the PDF develops a more universal form.
In particular, using the method of steepest descent we
obtain

#(w) "
#

!̃3"

4s3$
Pad exp

!

w

!

!̃2

2
# "

"

+ 2
"

!̃
arctan(s)

"

(15)

for "s $ !̃ , with s &
$

exp(w!̃2) # 1. For w$̃1/!2,
#(w) behaves as a generalized Gumbel distribution of in-
dex a = 1

2 + 2!
"̃2 [26]. This latter emerges in the context

of global fluctuations, describing the limit distribution of
the a-th maximum of a sequence of independent and iden-
tically distributed random variables [9]. Its maximum is
above the W = Ead threshold when !̃ < 4", otherwise
only an exponential decay of width |Ead|/(" + !̃2/4) is
observed. The w!̃2 ! 1 region exhibits a peak above the
threshold and decays according to the Gamma distribu-

tion, similar to Eq. (12). Ez milyen feltetel mellett
igaz??? Gyanus allitas...

Experimental relevance. Our results can be tested on
one-dimensional hard-core bosons [27] or non-interacting
fermions as initial states. The detection of the PDF
of work requires two energy measurements, one before
and one after the time dependent protocol. The first
energy measurement can be omitted if we prepare the
initial wave function in an energy eigenstate of H(t = 0).
The resulting energy distribution can then be probed
using time-of-flight experiments [4, 7], similarly to Ref.
[28]. The crossover between the various regimes can be
monitored by tuning !/!0 and " % N (g2/v)2, where
N is the number of particles in a 1D trap, typically
with N % 102 - 103 atoms [2, 3, 16]. By choosing
g2/v % 1/

'
N , " becomes of order unity, facilitating the

observation of crossover between the various regimes. For
one-dimensional interacting bosons (i.e. Bose-Hubbard
model), v % J and g2 % J2/U for U $ J (close to the
hard-core boson limit) with U the on-site interaction [29]
and J the hopping amplitude. By quenching away from
the initial U $ J ( g2 " 0 limit (e.g. by changing the
lattice parameters or tuning the Feshbach resonance), a
final interaction U % J

'
N is reachable. For weakly in-

teracting fermions, v % J and g2 % U , therefore ramping
from the non-interacting case to U % J/

'
N is desirable.

Summary. We have studied the PDF of work done on
a LL after an interaction quench, realizable in strongly
interacting Bose systems. We have constructed the den-
sity matrix of the generalized Gibbs ensemble with in-
termode correlations, describing arbitrary correlations of
the steady state, thus the PDF of work. The PDF ex-
hibits markedly di"erent characteristics depending on the
system size, quench duration and interaction strength.
Our method is applicable to the full PDF of other ob-
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properties of the final work PDF are already cap-
tured by a more transparent perturbative solution of
Eq. (3) [20]. We thus expand Eq. (5) for small g2(q)
and !v, and get for large system sizes L

lnG(", #) = iEad
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" !
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0
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"

0

dt1dt2Q
!(t1)Q

!(t2)#0"

" [f(t1 ! t2 + ") ! f(t1 ! t2)]
#

. (7)

Here Ead = !(L/v)(g2/v#0)2/16$ + · · · < 0 and f(t) =
#0/(t + i#0), with #0 a short time cut-o! associated with
the finite range of interaction, g2(q) = g2 exp(!#0v|q|).
Interestingly, the velocity renormalization, !v does not
enter to lowest order. The cumulants, Cn of the work
done can be derived by expanding Eq. (7) in " (see [22]).

Work PDF: generic properties. To analyze the PDF
of work it is worth introducing the dimensionless work,
measured with respect to the adiabatic ground state en-
ergy shift,

w # (W ! Ead)/|Ead| . (8)

The distribution of w is then obtained by Fourier
transforming G(", #) as

P(w) = Pad !(w) + %(w) . (9)

The Dirac-delta peak corresponds to the probability of
staying in the adiabatic ground state, while the broad
structure %(w) is associated with transitions to excited
states with w > 0. The weight Pad can be expressed as

ln (Pad) = !i&
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"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)f(t1 ! t2) . (10)

The prefactor & = |Ead#0| $ N(g2/v)2 denotes the total
angle of Bogoliubov rotations (N $ L/v#0 is the num-
ber of particles), and can be viewed as the many-body
orthogonality exponent. It is also closely related to the
fidelity susceptibility [? ]. Alternatively, we can rewrite
it as & $ L/l with l the mean free path. Thus & ! 1 de-
scribes, using fidelity nomenclature, the thermodynamic
/ small system limits [23] or, alternatively, corresponds
to the di!usive/ballistic limits, respectively, depending
on the picture used.

In the adiabatic limit (# % &), a finite system al-
ways stays in its ground state, and the time evolved wave
function coincides with the lowest energy eigenfunction
of the instantaneous Schrödinger equation [24]. Con-
sequently, only the first term remains in Eq. (9) with
Pad = 1. For # ' #0, on the other hand, Pad scales as
$ exp(!&) $ exp(!cst. L) (see Fig. 1), and in the limit
L % & — but fixed interaction — Pad vanishes due to
the orthogonality catastrophe.

Sudden quench (SQ) limit. In the extreme limit
of a SQ, # ' #0, G(", #) simplifies to G(") =

exp
$

iEad"2/(" + i#0)
%

, and the continuum part of the
PDF of work is evaluated exactly as

%SQ(w) = Pad exp(!&w)
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, (11)

with Pad = exp(!&) and I1(x) the modified Bessel func-
tion of the first kind. This is the non-central '2 distribu-
tion with non-centrality parameter 4& in the limit of zero
degrees of freedom [25]. The average work is zero [20],
since for a SQ the system remains in its initial
state and — on average — there is no back reac-
tion. Entropy is, however, generated by populating
high and low energy configurations.

The shape of %(w) depends crucially on the orthogo-
nality parameter, &. In the thermodynamic limit, & ) 1,
almost all probability weight is carried by a peak centered
at around W = 0 (w = 1) and of width "W $ |Ead|/

(
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2
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whose high energy tail decays according to the Gamma
distribution, $ exp(!&w)/w3/4. In the small system
regime & ' 1, on the other hand, the delta function
retains almost all weight, and transfers only a fraction
$ & to an exponential distribution of width $ |Ead|/&
and threshold at Ead for w ' &#2. In the cross-over
regime, & $ 1, the maximum shifts to lower energies and
the PDF of work develops a sizable value right above the
threshold at Ead (see Fig. 1). The typical work (the
maximum of P (W )) occurs at W > Ead for & > 2, while
the PDF becomes monotonically decreasing for & < 2.

Finite quench times. For finite duration quenches,
in addition to the orthogonality parameter &, the
work statistics also depends on # and the proto-
col Q(t) itself. For definiteness, we focus here on
a linear quench [22], and measure the degree of
adiabaticity by #̃ = #/#0.

For a finite duration quench, #̃ > 1, only a frac-
tion 1/#̃ of the excitations experiences the quench
as sudden. Consequently, in the expression of
Pad, the orthogonality exponent & is replaced by
&! $ &/#̃ , and Pad becomes a monotonously in-
creasing function of #̃ (see inset of Fig. 1).

Close to the threshold, W !Ead ' 1/# , only states
with energy smaller than 1/# and thus feeling a SQ con-
tribute to work. Therefore, apart from a normalization
factor, the PDF of work agrees with the SQ result,

P(W ! Ead ' ##1) * Pad exp(&)PSQ(W ) , (13)

and depends on # only through Pad.
For #̃ ) 1, however, Eq. (13) describes only a

small region close to Ead (see thin black lines in
Fig. 1), and the overall shape depends both on &
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properties of the final work PDF are already cap-
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the finite range of interaction, g2(q) = g2 exp(!#0v|q|).
Interestingly, the velocity renormalization, !v does not
enter to lowest order. The cumulants, Cn of the work
done can be derived by expanding Eq. (7) in " (see [22]).

Work PDF: generic properties. To analyze the PDF
of work it is worth introducing the dimensionless work,
measured with respect to the adiabatic ground state en-
ergy shift,

w # (W ! Ead)/|Ead| . (8)

The distribution of w is then obtained by Fourier
transforming G(", #) as

P(w) = Pad !(w) + %(w) . (9)

The Dirac-delta peak corresponds to the probability of
staying in the adiabatic ground state, while the broad
structure %(w) is associated with transitions to excited
states with w > 0. The weight Pad can be expressed as

ln (Pad) = !i&

!
"

0

!
"

0

dt1dt2Q
!(t1)Q

!(t2)f(t1 ! t2) . (10)
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in addition to the orthogonality parameter &, the
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col Q(t) itself. For definiteness, we focus here on
a linear quench [22], and measure the degree of
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For a finite duration quench, #̃ > 1, only a frac-
tion 1/#̃ of the excitations experiences the quench
as sudden. Consequently, in the expression of
Pad, the orthogonality exponent & is replaced by
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with energy smaller than 1/# and thus feeling a SQ con-
tribute to work. Therefore, apart from a normalization
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of the initial and final Hamiltonian and, in agreement
with Refs. [12, 13], reads as

Lad =

✓
1

2
+

1

4

✓
Ki

Kf
+

Kf

Ki

◆◆�L/2⇡↵

, (10)

with L being the system size. This remains valid in the
steady state for near-adiabatic quenches, ⌧ � ↵/v with
v being the sound velocity in the final state.

For Q(t > 0) = 1, i.e., a conventional ”sudden quench”
(SQ) [21] LE, however, Eq. (7) yields

|uq(t)|2 = 1 +
1

4
sin2(!f (q)t)

✓
Kf

Ki
� Ki

Kf

◆
2

, (11)

with !f (q) = v|q| denoting the excitation energy after
the quench. By plugging this back to Eq. (9), we find
for the short time limit (t ⌧ ↵/v)

LSQ(t) ⇠ exp
�
�c L (t/tc)

2/↵
�

(12)

where c is a non-universal constant of order unity. The
characteristic decay time of this expression is tc ⌘
4↵/v|Kf/Ki �Ki/Kf |, and 1/t2c ⇠ can be identified as
the variance of energy per particle after the quench per
particle. For intermediate times t ⇠ tc, the LE displays a
non-universal transient signal (see Fig. 2b), however, for
very long times, t � ↵/v, the LE for SQ becomes time
independent and universal:

LSQ(t � ↵/v) =

✓
1

2
+

1

4

✓
Ki

Kf
+

Kf

Ki

◆◆�L/⇡↵

, (13)

which holds also true for fast quenches, ⌧ ⌧ ↵/v. Exci-
tations are only produced at t = 0, which interfere with
each other for a short amount of time, causing Eq. (12),
but after this phase coherence is lost, excitations prop-
agate independently and only their total number deter-
mines the overlap.

By Eq. (10) we just established that for t ! 1

LSQ = L2

ad. (14)

This can be understood in terms of simple physical ar-
guments and must hold in general, too[10]: the adiabatic
LE measures just the square of the overlap hG|G

0

i of
the ground state of the initial and final Hamiltonians,
which is the probability weight of the ground state of
H in |G

0

i = |�
0

i. For a regular LE, h�(t)|�
0

(t)i =
h�

0

|eitHe�itH0 |�
0

i. Inserting here the complete set of
eigenstates of H between the two propagators, the ex-
cited states amount in oscillating terms, interfering de-
structively, and only the ground state contribution re-
mains, yielding asymptotically in the thermodynamic
limit |h�(t)|�

0

(t)i| = |hG|G
0

i|2, and thus LSQ(t) =

|h�(t)|�
0

(t)i|2 t!1���! |hG|G
0

i|4 = L2

ad . Using the anal-
ogy to work statistics[18], this is the square of the prob-
ability to stay in the ground state after the quench.
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FIG. 2. (Color online) a.) The exponent of the generalized
Loschmidt echo is shown for SQ n = 1 (circle), double quench
n = 2 (triangle) and adiabatic time evolution (square) for the
XXZ Heisenberg model in the steady state, starting from the
XX point and ending up at a finite Jz, obtained numerically
from MPS based methods (when convergence was reached).
The solid lines are the analytical results from Eqs. (10) and
(13). The inset shows the ratio of the SQ and adiabatic expo-
nents (diamond) and the n = 2 and 1 exponents (circle) from
numerics, which agrees well with the theoretically expected
value of 2. b.) Typical numerical results (solid lines) of the
LE of the XXZ model are shown for a SQ from the XX point
to Jz = 0.5J and -0.3J , the dashed curve is the analytical
expression using Eqs. (9) and (11). c.) The scaling of the
numerical data expected from Eq. (12) for short times for a
SQ is visualized from Jz = 0 to 0.1J to 0.6J with 0.1J steps
from top to bottom in arbitrary units.

The exponent of the LE is further enhanced[20] by re-
peating the Q(t > 0): SQ to 1, holding time t, SQ to
0, holding time t sequence n times (bang-bang protocol).
The generalized LE is the nth power of the SQ overlap
in Eq. (13) as Ln(2nt) = Ln

SQ(t) = L2n
ad in the post-

quench steady state, therefore the exponent is enhanced
by a factor of n. Similar protocols are frequently used for
qubits [22] to achieve dynamical-decoupling as e.g. the
multipulse extensions of the Hahn echo, and the resulting
sequence of sudden quenches between two Hamiltonians
is the simplest form of periodic driving, also relevant for
dynamical localization [23].
Numerics. We tested the analytical predictions numer-

ically on the one-dimensional XXZ Heisenberg model[15],
covering 1/2 < K < 1, for adiabatic ramps and SQ
from Jz = 0 to a finite Jz. We performed the simulations
using a combination of MPS [24] based infinite density
matrix renormalization group [25–27] to find the ground
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