
Date

Miklós Lajkó
Institute for Solid State Physics and Optics,

Wigner Research Centre,
Budapest, Hungary

22 April 2013, BME

Order and disorder 
in SU(3) and SU(4) 

Heisenberg systems



Karlo Penc

Andreas Läuchli
Uni. Innsbruck

Frédéric Mila
EPF Lausanne

Philippe Corboz
ETH Zürich

Collaborators:

Phys. Rev. X, 2 041013



Outline

✤ SU(N) symmetric Heisenberg model

✤ Numerical methods

✤ SU(4) Heisenberg models, overview

✤ SU(4)honeycomb lattice, spin-orbital liquid

✤ Stability, robustness

✤ SU(3) honeycomb lattice



SU(N) symmetric Heisenberg model:

H =
�

i,j

Pi,j
Pi,j is the transposition 

operator

N states (or color or flavor)
  on each site. 

Pij |βiαj� = |αiβj�

i j i j
Pi,j | 〉→ | 〉

Si · Sj =
1

2
P(2)
ij − 1

4
For SU(2), S=1/2 

(fundamental representation) 



✤ SU(2), S=1/2 

✤ S=1, bilinear, biquadratic

✤ spin-orbital models (orbital degenerate Hubbard model)

✤ ultra-cold atomic gases
N=2F+1, F nuclear spin

Si · Sj =
1

2
P(2)
ij − 1

4

(SiSj) + (SiSj)
2 − 1 = P(3)

ij

Where do we find SU(N) models?
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Fundamental SU(N) symmetric operator:
|Ψ� =

�

α

cα|α�

�
Sα
β , S

γ
δ

�
= δγβS

α
δ − δαδ S

γ
β

Sα
β = |α��β| Sx = (S1

2 + S2
1)/2

Sy = (S1
2 − S2

1)/(2i)

Sz = (S1
1 − S2

2)/2

Pij =
�

α,β

Sα
β (i)S

β
α(j)

These relations stand if we consider 
multiple fundamental spins on the sites



Addition rules, Young tableaux
SU(2) vs. SU(3) - two sites

H = P12

P12(|!"! " |"!!) = "(|!"! " |"!!)

P12(|!"! + |"!!) = +(|!"! + |"!!) E=+1, even wave function
E=−1 , odd wave function1 2

Two SU(2) S=1/2 spins Two SU(3) spins
½ ⊗ ½ = 0 ⊕ 1

⊗ = ⊕

↑ or ↓ spin

|↑↓〉−|↓↑〉 singlet
symmetrical

|↑↑〉, |↑↓〉+|↓↑〉, |↓↓〉 triplet 
symmetrical

22 1 3× = +

½ ⊗ ½ = 0 ⊕ 1

⊗ = ⊕

|a〉, |b〉, and |c〉. 

33 3 6× = +

|aa〉, |bb〉, |cc〉, |ab〉+|ba〉, 
|ac〉+|ca〉, and |bc〉+|cb〉.
symmetric

|ab〉−|ba〉, |ac〉−|ca〉, 
|bc〉−|cb〉: 
antisymmetric



SU(N) singlets

SU(3) singlet

|abc〉 + |cab〉 + |bca〉 − |bac〉 − |acb〉 − |bca〉
fully antisymmetrized

1 2 ×  83 = +

⊕⊕ 2 ×=⊗ ⊗

+ 10× ×3 3

1 3 × 15 35

⊗ ⊕ 2 ×

4 × = +

⊕⊕ 3 × ⊕ 3 ×=⊗ ⊗

+ +2 × 20 3 × 45× ×4 4 4

SU(4) singlet

+

|abcd〉−|bacd〉+|badc〉−|bdac〉−...
fully antisymmetrized

SU(3):

SU(4):



H =
�

i,j

Pi,j



Classical approach: no entanglement

1 2 ... M1
H =

�

�i,j�

b†i,αbi,βb
†
j,βbj,α

�Ψ|Pij |Ψ� = �Ψj |Ψi� �Ψi|Ψj� = |�Ψi|Ψj�|2

|Ψ� =
�

i

|ψi�

Pij =
�

α,β

Sα
β (i)S

β
α(j)

neighboring local states are 
orthogonal in the ground state

Sα
β (i) = b†i,αbi,β



Classical approach: ground states
Chapter 4. Introduction to SU(N) physics 39

(a) (c)(b)

Figure 4.1: (a) The three sublattice order in the SU(3) triangular lattice. (b) The striped three

sublattice order in the SU(3) square lattice selected by linear flavor wave corections. (c) The

color ordered state with smaller bond energies around squares, which is predicted by flavor-

wave theory for the SU(4) square lattice.

For the honeycomb lattice the classical ground state is macroscopically degenerate in the SU(3)

and SU(4) case as well. Linear-flavor wave corrections for the SU(3) model predict a dimerized

color-ordered state [80] (See Fig. 4.2a). The SU(4) case is more interesting. LFWT corrections

still allow a macroscopic degeneracy in the ground state. The honeycomb lattice can be covered

in a way that all nearest and next-nearest spins have different colors. The most symmetric case

is shown in Fig. 4.2b. If one exchanges the colors along a stripe, the resulting state will have

the same energy even after considering the zero point energy of LWFT, which allows for an

O(2
L
) degeneracy, where L is the linear size of the system. This makes the honeycomb lattice a

promising candidate to accommodate a spin-liquid ground state [81].

(a) (b)

Figure 4.2: (a) The color ordered state with dimerized bonds found by linear flavor wave

theory for the SU(3) honeycomb lattice. (b) LWFT just partially lifts the degeneracy for the

SU(4) case, one can exchange colors along a stripe, which leads to a degeneracy of order of 2
L
,

where L is the linear size of the system.

4.5 Fermionic mean-field approach and Gutzwiller projection

Up to this point we made the assumption that the ground state can be described as a classically

ordered state and the quantum corrections are the zero point energy of flavor waves. However,

other approaches might predict a different type of ground state.

For example, instead of the bosonic representation of the spins, we could start with the fermionic

representation of the colors. i.e. we picture the system as a lattice gas with N different fermions

SU(2) square SU(3) triangular

SU(3) square

more colors → macroscopically degenerate ground states
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Flavor wave theory
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4.5 Fermionic mean-field approach and Gutzwiller projection

Up to this point we made the assumption that the ground state can be described as a classically

ordered state and the quantum corrections are the zero point energy of flavor waves. However,

other approaches might predict a different type of ground state.

For example, instead of the bosonic representation of the spins, we could start with the fermionic

representation of the colors. i.e. we picture the system as a lattice gas with N different fermions

SU(3) SU(4)

classical ground state

|Ψ� =
�

i

�
b̃†A,i

�M
|0̃�

b̃†A,ib̃A,i + b̃†B,ib̃B,i + b̃†C,ib̃C,i + · · · = M

b̃†A,i, b̃A,i →
�

M − b̃†B,ib̃B,i − b̃†C,ib̃C,i − . . .

→
√
M − 1

2
√
M

�
b̃†B,ib̃B,i + b̃†C,ib̃C,i + . . .

�
+ . . .

b̃†A,j =
�

µ

dµ,jb
†
µ,j

b̃†B,j =
�

µ

eµ,jb
†
µ,j

b̃†C,j =
�

µ

fµ,jb
†
µ,j

is different for different sites!b̃†A,i

fluctuations

H = M
�

ν

�

k

ων(k)

�
β†
ν(k)βν(k) +

1

2

�

prefers orthogonal 
next-nearest neighbors

Bogoljubov



Fermionic representation
H =

�

�i,j�

f†
i,αfi,βf

†
j,βfj,α

HMF = zNe +
�

�i,j�

�
|χi,j |

2 −
�
f†
j,βfi,βχi,j + h.c.

��

χi,j ≡
�
f†
i,αfj,α

�

+ Lagrange multipliers to enforce 1 fermion per site 

Meanfield approach

if a spin ~
Young tableau 
with M rows

Sα
β (i) = f†

i,αfi,β

} self-consistent
solutions

�
χi,j ~ flux of a plaquette

SU(6) honeycomb lattice
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(a)

(b) (c)

FIG. 2. (Color online) Lowest energy mean-field solutions. Sub-
figure (a) illustrates the chiral spin-liquid configuration with all bonds
having the same magnitude. Subfigure (b) depicts the quasi-plaquette
phase with real Wilson loops. The dashed line represents a smaller
bond value than the solid line. Subfigure (c) shows the plaquette-phase
configuration with only one nonzero Wilson loop per three cells. Links
with a zero mean-field value are removed from the figure.

valence bond crystal also has a triple degeneracy. Figure 2
illustrates these three lowest energy states.

In the CSL state the mean-field generated fluxes penetrating
the plaquettes are analogous to those created by a magnetic
field. As a consequence, the quantum Hall effect can be
observed. However, it is generated in this case entirely by the
mean-field amplitudes. It leads to the appearance of chiral edge
states, i.e., current carrying states localized at the boundaries
in such a way that the opposite directions are separated to
opposite edges. Figure 3 depicts the energy spectrum with
the bulk bands and the edge states. For 1/6 filling only the
lowest bulk band is filled, which is well separated from the
next band. We have calculated the Chern number (C), which
characterizes the quantum Hall effect by giving the number
of counter-propagating edge-state pairs inside a bulk energy
gap. We have found that C = 6 for the lowest gap, which is
in accordance with the observation that there is one edge-state
pair per spin component. It follows that an elementary flux
of !0 = "/3 is attached to every spinon (the fractionalized

FIG. 3. (Color online) The energy spectrum of the system for
open boundary conditions in one direction. The wave number is
measured in units of the inverse lattice spacing.

quasiparticle excitation, created by the operators c
†
i,#), which

in effect renders their statistics to an anyonic one. On the
other hand it provides explanation for the ! = 2"/3 flux
per plaquette of the ground state: Since each site belongs to
3 plaquettes, every plaquette contains 2 spinons leading to
! = 2!0, as expected.

The low-energy fluctuations of the mean-field theory are
given by the phase fluctuations of the mean-field amplitude,
$ij = $mf

ij eiaij , and by the lowest energy spinon excitations.
The mean-field phase fluctuation aij is a gauge field with the
transformation property aij ! aij + %i " %j . The low-energy
spinon excitations are coming from the vicinity of the energy
maxima of the valence band and from the energy minima
of the conduction band. Since there are 6 such points, the
low-energy dynamics is governed by spinons with 6 flavors
interacting with a U(1) gauge field. By integrating out the
high-energy (gapped) spinon fields the resulting low-energy
theory is described by the following Lagrangian density in the
continuum limit:

L = 1
8"q2

(e2 " vb2) " C

4"
&µ'(aµ)'a(

+
6!

l=1

"
"ic

†
l,#()t " ia0)cl,# + 1

2ms

c
†
l,#()i + iai)2cl,#

#
,

(7)

where the constant q2 arises from the integration of the spinon
fields and is in the order of the spinon gap g. The fields e and
b are the artificial electric and magnetic fields, respectively,
obtained from the scalar and vector potentials a0 and ai in
the usual way. The constant C = 6 is the Chern number, and
the speed of sound v is proportional to 1/g # U/t2. In the
spinon part of the Lagrangian ms stands for the effective mass
of the spinons, which can be obtained from the curvature of
the spinon dispersion around the 6 minima. Due to the Chern-
Simons term, the gauge bosons mediate only a short-range
interaction between the spinons, and the mean-field solution is
stable [9]. Therefore, the low-energy properties of the system
can be characterized by U(1) gauge field coupled to the spinons
as matter fields. The corresponding gauge theory described
by the Lagrangian (7) can be thus simulated with ultracold
spin-5/2 fermions loaded into a hexagonal lattice.

Ultracold alkaline-earth-metal atoms are produced rou-
tinely nowadays. A honeycomb optical lattice can also be
created by sophisticated laser configurations [23]. Another,
even cleaner experimental implementation would be to use
the holographic methods of Greiner et al. or Esslinger et al.,
where an arbitrary two-dimensional lattice potential can be
created with the help of an optical imaging system [24,25].
Detecting the CSL phase or the emerging dynamical gauge
theory is not straightforward, but possible. For example, one
can measure nearest neighbor pair correlations [26], but there is
only access to |$ij |. In fact, according to Elitzur’s theorem non-
gauge-invariant quantities, such as $ij , average to zero [27,28].
A gauge-invariant quantity sensitive to chirality and possible
to measure is the phase of a loop, which can be detected
directly by measuring 3-spin correlations: $Si · ($Sj % $Sk). Its
nonzero value witnesses for the chiral nature of the spin-liquid
phase [11]. Finally, and more importantly, one can measure in

011611-3
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H = −
�

�i,j�

�
ti,jf

†
j,αfi,α + h.c.

�

|Ψ� =
�

{j}

N�

α=1

w{jα}|jα1 jα2 . . . jαNs/N �
w{jα} =

���������

ξ1(jα1 ) ξ1(jα2 ) . . . ξ1(jαNs/N
)

ξ2(jα1 ) ξ2(jα2 ) . . . ξ2(jαNs/N
)

...
...

. . .
...

ξNs/N (jα1 ) ξNs/N (jα2 ) . . . ξNs/N (jαNs/N
)

���������

variational approach,
no self-consistency is required

We project out configurations 
with multiply occupied sites

Chapter 6. SU(4) Algebraic spin-orbital liquid on the honeycomb lattice 63

Figure 6.4: (a) The minimal 4-site, and 8-site hexagonal unit cell of the π-flux hopping

configuration. (b) The Brillouin zone of the honeycomb lattice (black hexagon), and the re-

duced Brillouin-zone of the π-flux configuration (blue-hexagon).The outer (orange) hexagon

shows the Brillouin zone of the triangular lattice, that we get by filling the centers of the hon-

eycomb lattice. (c-d) the free fermion band structure in the 0-flux and π-flux case. In the π-flux

case there is a Dirac-cone at quarter-filling, which is the Fermi-level in the SU(4) case.

6.3 Variational Monte Carlo calculations for finite clusters with uni-
form π-flux configuration

The nearest neighbor bond energies and color-color correlation functions can be calculated for

the Gutzwiller projected wave function using the Monte Carlo algorithm we discussed in Chap-

ter 5. If the free fermionic Hamiltonian is color independent, the quarter-filled Fermi sea ground

state is a singlet (i.e. acting by the total spin operators gives 0). The Gutzwiller projection

operator in the SU(4) can be written as

PG =

Ns�

i=1

1

6
ni(2 − ni)(3 − ni)(4 − ni) (6.3)

where ni =
�

4

α=1
nαi is the total number of fermions at site i. Since the S βα spin operators do not

change the number of fermions on the site, PG commutes with the total spin operators, thus the

projected variational state is also an SU(4) singlet.

Since the singlet state does not break the SU(4) symmetry (all the direction are equivalent), the

�Pi j� can be expressed using only the diagonal operators as �Pi j� = 5��α nαi nαj � − 1, for the

general SU(N) case

�Pi j� = (N + 1)�
�

α

nαi nαj � − 1. (6.4)

This is similar to the SU(2) case, where �Si ·S j� = 3�S z
i ·S z

j� = 3(n↑i −n↓i )(n↑j −n↓j)/4 if the SU(2)

symmetry is not broken. Remembering that (n↑i + n↓i )(n↑j + n↓j) = 1 we get the SU(2) version of

(6.4)

�
ti,j ~ flux of a plaquette

different flux-configurations lead
 to different projected states

fi,α → f̃i,α = fi,αe
iφ

ti,i+δ → t̃i,i+δ = ti,i+δe
−iφ

 local gauge invariant

Gutzwiller projection  



Gutzwiller projection I. 

�
�

β

nβ
i n

β
j � =

�ΨGW |
�

β n
β
i n

β
j |ΨGW �

�ΨGW | ΨGW �

�nβ
i n

β
j � =

1
�

{j}
��w{j}

��2
�

{j}

��w{j}
��2 �{j}|nβ

i n
β
j |{j}�

number of configurations

Ns =24, SU(4):    2 308 743 493 056

Ns =648, SU(4):   8,3 · 10385

we use a Monte Carlo algorithm 
with importance sampling

pIS({j}µ) =
��w{j}µ

��2
�
{j}

��w{j}
��2

�nβ
i n

β
j �MC =

1

M

M�

µ=1

�{j}µ|nβ
i n

β
j |{j}µ�
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-160 -140 -120 -100 -80 -60 -40 -20  0

p(
|w

|2 )

Log10( |w|2/ |wmax|
2)

uniformly chosen configurations
importance sampling



Details of the MC calculation

A({j} → {j�}) =






1, if pIS({j�}) > pIS({j}),

pIS({j�})
pIS({j}) , if pIS({j�}) ≤ pIS({j}).

dynamics: 
exchange two fermions

 with different colors

pIS({j�})
pIS({j}) =

N�

α=1

��w{j�α}
��2

��w{jα}
��2

,

only one column is changed 
in the Slater matrices

Metropolis algorithm

w{jα} =

���������

ξ1(jα1 ) ξ1(jα2 ) . . . ξ1(jαNs/N
)

ξ2(jα1 ) ξ2(jα2 ) . . . ξ2(jαNs/N
)

...
...

. . .
...

ξNs/N (jα1 ) ξNs/N (jα2 ) . . . ξNs/N (jαNs/N
)

���������



Gutzwiller projection II. 

∼ �Sk · Sl� = 3�Sz
k · Sz

l �

For color  independent hopping Hamiltonian
the Fermi sea-ground state is a singlet
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Figure 6.4: (a) The minimal 4-site, and 8-site hexagonal unit cell of the π-flux hopping

configuration. (b) The Brillouin zone of the honeycomb lattice (black hexagon), and the re-

duced Brillouin-zone of the π-flux configuration (blue-hexagon).The outer (orange) hexagon

shows the Brillouin zone of the triangular lattice, that we get by filling the centers of the hon-

eycomb lattice. (c-d) the free fermion band structure in the 0-flux and π-flux case. In the π-flux

case there is a Dirac-cone at quarter-filling, which is the Fermi-level in the SU(4) case.

6.3 Variational Monte Carlo calculations for finite clusters with uni-
form π-flux configuration

The nearest neighbor bond energies and color-color correlation functions can be calculated for

the Gutzwiller projected wave function using the Monte Carlo algorithm we discussed in Chap-

ter 5. If the free fermionic Hamiltonian is color independent, the quarter-filled Fermi sea ground

state is a singlet (i.e. acting by the total spin operators gives 0). The Gutzwiller projection

operator in the SU(4) can be written as

PG =

Ns�

i=1

1

6
ni(2 − ni)(3 − ni)(4 − ni) (6.3)

where ni =
�

4

α=1
nαi is the total number of fermions at site i. Since the S βα spin operators do not

change the number of fermions on the site, PG commutes with the total spin operators, thus the

projected variational state is also an SU(4) singlet.

Since the singlet state does not break the SU(4) symmetry (all the direction are equivalent), the

�Pi j� can be expressed using only the diagonal operators as �Pi j� = 5��α nαi nαj � − 1, for the

general SU(N) case

�Pi j� = (N + 1)�
�

α

nαi nαj � − 1. (6.4)

This is similar to the SU(2) case, where �Si ·S j� = 3�S z
i ·S z

j� = 3(n↑i −n↓i )(n↑j −n↓j)/4 if the SU(2)

symmetry is not broken. Remembering that (n↑i + n↓i )(n↑j + n↓j) = 1 we get the SU(2) version of

(6.4)

PG commutes with  

�Pkl� =
1

�
{j}

��w{j}
��2

�

{j},{j�}

w̄{j�} · w{j}�{j�}|Pkl|{j}�,

�Pkl� = (N + 1)�
�

α

nα
kn

α
l � − 1

�Pkl� = −
�

{j}

pIS({j}) ·
w̄Pkl{j}

w̄{j}
,

Sα
β



Example: SU(4) Heisenberg chain

Y. Yamashita, N. Shibata, K. Ueda
Phys. Rev. B 58, 9114-9118 (1998)

around q = !/2, when 1 < " < 3. If " is greater than
2, Eq. (8) does not show any cusp structure at q = !/2.
So " must be less than 2, since we clearly see the cusp
structure of Sz(q) which becomes sharper as the system
size is increased.

By the SU(4) conformal field theory, the critical expo-
nent of the SU(4) spin correlation functions with q = !/2
oscillations is obtained to be 3/2 [10], which is consistent
with the present numerical result. Although the corre-
lation functions discussed in this paper are the S-spin
correlation functions but not the SU(4) spin correlation
functions, we can show that the exponent is the same for
the two correlation functions.
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FIG. 5. Fourier transformation of the correlation function
for the systems with N = 60 (!) and N = 48 (!).

V. CONCLUSIONS AND DISCUSSIONS

In conclusion, we have studied the quantum critical
state for the coupled spin-orbit system. The quantum
numbers of the ground state and the lowest branch of the
excitations are determined. Furthermore, the spin-spin
correlation functions are obtained explicitly for the first
time by the DMRG method. It shows a power-law decay
with a period of four, which originate from the interfer-
ence between the spin and orbital degrees of freedom.
The exponent of the asymptotic behavior is consistent
with the prediction by the conformal field theory.

In this paper we have investigated only the most sym-
metric model, but it is more realistic to consider a model
with lower symmetry corresponding to a finite J . In such
a case the e!ective Hamiltonian is given by the S-spin
isotropic and T -spin Ising-type Hamiltonian (2), whose
properties are not yet fully understood.

Related to the SU(4) model, several models with lower
symmetries have been studied [11–13]. Kawano and
Takahashi [12] discussed S-spin isotropic and T -spin XY -
type Hamiltonians to study the three-leg antiferromag-
netic Heisenberg ladder and showed that such a model

is gapfull and has exponentially decaying correlation
functions. Kolezhuk and Mikeska [13] studied a spe-
cial SU(2)!SU(2) symmetric Hamiltonian

!

i(
#Si · #Si+1 +

3/4)(#Ti · #Ti+1 + 3/4) and showed that this model is also
gapfull.

It may be possible to study the properties of these
models in a unified way by introducing di!erent type of
anisotropies from the SU(4) symmetric point. For this
purpose, it is highly desirable to develop an analytic the-
ory around this symmetric point.
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FIG. 3. Dispersion relations. The symbols !, !, and "

represent data for N = 8, 12, and 16, respectively. Young’s
diagrams (YD) show the irreducible representations. The
numbers accompanied by YD show the degeneracy and "2
represents the same weight from q and #q. The solid line
represents the Bethe ansatz result[7].

IV. CORRELATION FUNCTIONS

Now we move on to the behaviors of the correlation
functions, !Sz

i ·Sz
i+j"g.s., where !· · ·"g.s. denotes expecta-

tion values for the ground state. Since Hamiltonian (3)
has rotational symmetry with respect to both S and T
spins, we consider only z components of spins.

We use the OBC to get better accuracy in the DMRG
calculations, but in this case we must keep in mind
that the data contain the e!ects from boundaries. !Sz

i ·
Sz

i+j"g.s. shows an oscillatory behavior with a period of
four as a function of j. But the correlation functions also
vary with a period of four with respect to i. That is,
!Sz

i · Sz
i+j"g.s. is equal to !Sz

i+4 · S
z
i+4+j"g.s. for any i, j.

This behavior is caused by the standing wave with
a period of four originating from the open boundaries.
To remove such an artifact due to the OBC, we average
!Sz

i · Sz
i+j"g.s. for one period with respect to i. Thus we

define an approximate bulk correlation function as fol-
lows:

!Sz
i · Sz

i+j"bulk #
1

4

3
!

k=0

!Sz
i+k · Sz

i+k+j"g.s. . (5)

After this averaging procedure, we get the natural be-
havior of the correlation functions as shown in Fig. 4 .

Because the results discussed in the previous section
show that this model is gapless, we try to fit the enve-
lope of !Sz

i · Sz
i+j"bulk data with a power-law function (

j!!) by the least mean square method and get critical
exponent ! equal to 1.80 or 1.55 depending on using ei-
ther the upper (j = 12, 16, and 20) or the lower (j = 14,
18, and 22) data. We did not use the data of j = 24, 26
and 28, because these sites are too close to the bound-
ary. Due to finite size e!ects, the value of ! depends on

how to fit, but ! is always between 1.5 and 2.0. From
these results, we conclude that the asymptotic form of
the correlation function is given by

!Sz
i · Sz

i+j"bulk $
cos ("

2 j)

j!
; ! = 1.5 % 2.0, (6)

in the bulk limit.
Of course, !Sz

i · Sz
i+j"bulk is equal to !T z

i · T z
i+j"bulk,

because of the symmetry of Hamiltonian (3) concern-
ing the exchange between "S and "T . Furthermore, !Sz

i ·
T z

i+j"bulk always equals zero as is easily shown by the
Wigner-Eckart theorem. In fact, the calculated values of
!Sz

i · T z
i+j"bulk are almost zero, and the numerical errors

for the values of !Sz
i · Sz

i+j"bulk may be estimated from
these values, which are less than 1% even at the farthest
site from i.
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FIG. 4. Correlation functions ($Sz
i · Sz

i+j%bulk) for the sys-
tems with N = 48 (+) and 60 ("). Broken and dotted lines
are 0.144/j1.80 and #0.108/j1.55 , which are the results of the
least mean square fitting using the upper and lower data, re-
spectively. Numerical errors, which are estimated from the
values of $Sz

i · T z
i+j%bulk, are less than 1%. The inset shows

the entire form of the correlation functions. The symbols "
and ! represent data for N = 48 and 60, respectively, but
they overlap nearly perfectly.

Next we study the structure factor defined by

Sz(q) #

N/2!2
!

j=!N/2+3

!Sz
i · Sz

i+j"bulk · e!iqj . (7)

As is seen in Fig. 5, Sz(q) has a characteristic cusp struc-
ture at q = #/2. This result is consistent with the soft-
ening at q = #/2 in the dispersion relation. By Fourier
transformation of Eq. (6), the analytic form of Sz(q) is
given by

Sz(q) $ Sz(q =
#

2
) %

#

2

|q % "
2 |

!!1

! (!) sin !!1
2 #

+ O
"

q %
#

2

#

(8)

4

!" -variable, the second one is a special property of the
SU(4) symmetric model. All the QMC results have been
checked for the symmetry relation Eq. (2) and perfect
agreement within the statistical error has been found.
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FIG. 1. (a) QMC results for the correlation function
wij ! "Sz

i Sz
j # (solid points) as a function of |i $ j| for a

chain of length L = 100 with PBC which is predominantly
in the ground state (for details see text). The correlations
for |i $ j| = 1, 2 and 4 (which are out of the plot range)
are -0.07168(1), -0.04011(1) and 0.008261(4), respectively.
Fig. (b) shows the correlations wij at large distances |i $ j|
and the fit (for details see text) to the QMC data (open di-
amonds). The statistical error bars of the QMC calculations
are much smaller than the symbols. (c) and (d) show the
Fourier transform Sz(k) of wij on two di!erent scales.

The correlation function wij shows a clear four-site pe-
riodicity (see Fig. 1). Its sign is positive if |i!j| = 4N , N
integer and negative otherwise. The reason for the latter
is the tendency for every four neighboring sites to form a
SU(4) singlet [5]. Furthermore, from Fig. 1, it can be seen
that the correlations for distances |i!j| = 4N and 4N +2
decay much slower than for |i! j| = 4N + 1 and 4N + 3.
The explanation of this fact is simple: The system con-
sidered here has low lying excitations at k = 0, #/2 and
# (see Fig. 3 of [4]) each of them leading to a mode with
wave vector k in the long distance correlations. The am-
plitudes of this modes are expected all to decay according
to a power law, but with di!erent critical exponents $k.
From the results for wij (Fig. 1), it can be concluded that
the two dominant modes are those with k = #/2 (positive
prefactor) and k = 0 (negative prefactor). This is also
reflected in the Fourier transform Sz(k) of the correla-
tion function wij , having a characteristic cusp structure
at k = 0, #/2 and # (see Fig. 1cd). While the cusps at
k = 0 and #/2 are quite sharp, the one at k = #, how-

ever, is not so pronounced, indicating that the k = #
mode is of all the three the least dominant mode in the
correlation function.

The two critical exponents $!/2 and $0 can be deter-
mined from the QMC data of the real space correlation
function w(r) " wij, |i!j|=r . Fitting w(r) to the form
b!/2(r

!"!/2+(L!r)!"!/2) cos(!
2 r)+b0(r!"0+(L!r)!"0)

for the range 20 <
# r <

# 50 (making explicit use that our
system has PBC), we find

$!/2 = 1.50 ± 0.01, $0 = 1.85 ± 0.16. (3)

The best fit is obtained for b!/2 = 0.091, $!/2 =
1.499, b0 = !0.035, $0 = 1.85 and is shown in Fig. 1. A
precise estimate of $0 is not simple since the k = 0 mode
is only a relative small superposition on the top of the
much stronger k = #/2 mode. The exponent $!/2, how-
ever, can be determined to high precision. These results
are in very good agreement with the prediction of A"eck,
who calculated the critical behavior of the SU(4) correla-
tion function in an arbitrary SU(4) symmetric model us-
ing conformal field theory [7]. This correlation function
is proportional to wij , as a consequence of the symme-
try relation Eq. (2) and the exact results are $!/2 = 3

2
and $0 = 2. The exponent $!/2 has also been estimated,
using DMRG ($!/2 $ 1.5 # 2) [6]. The DMRG results
are in principle more precise than the QMC results, but
finite size e!ects in DMRG studies are much bigger due
to the use of open boundary conditions. Thus it is not
surprising that our estimate Eq. (3) is much more precise.

At finite temperatures, the dominant components in
the correlation function, wij(T ) " %Sz

i Sz
j &(T ) (note that

Eq. (2) holds also at finite T ) which result from the
soft modes at k = 0 and #/2, no longer decay according
to a power law, but exponentially. The corresponding
correlation lengths %0(T ) and %!/2(T ) may be di!erent.

The correlation function %Sz
i Sz

j &(T ) is shown as a func-
tion of |i ! j| in Fig. 2 for a system of length L = 200
with PBC at a temperature T = 0.05J . To find the cor-
rect low-temperature form, describing the long distance
behavior (|i ! j| ' %0, %!/2) of the correlations wij(T ),
one has to consider not only a phase shift &(T ) in the
k = #/2 mode, but also an incommensuration e!ect of
this component, i.e. that the period is shifted away from
k = #/2 by an amount 'k(T ). This is due to the asymme-
try of the excitation spectrum at the point k = #/2 which
manifests itself at finite T , where also excited states con-
tribute to wij(T ). This asymmetry can be seen in Fig. 2
of [6], where the degeneracy of the lowest “spin wave”
branch is indicated. As the degeneracy for k > #/2 is
larger than for k < #/2, we expect the weight of the #/2
mode to be shifted to a higher k value. This e!ect can
also be observed in the Fourier transform Sz(k, T ) of the
correlation function, where the maximum at k = #/2 at
T = 0 moves to higher k-values when T increases.

Finally, we propose the following low temperature form
for the correlations wij(T ) with |i ! j| ' %0, %!/2:

2
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around q = !/2, when 1 < " < 3. If " is greater than
2, Eq. (8) does not show any cusp structure at q = !/2.
So " must be less than 2, since we clearly see the cusp
structure of Sz(q) which becomes sharper as the system
size is increased.

By the SU(4) conformal field theory, the critical expo-
nent of the SU(4) spin correlation functions with q = !/2
oscillations is obtained to be 3/2 [10], which is consistent
with the present numerical result. Although the corre-
lation functions discussed in this paper are the S-spin
correlation functions but not the SU(4) spin correlation
functions, we can show that the exponent is the same for
the two correlation functions.
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FIG. 5. Fourier transformation of the correlation function
for the systems with N = 60 (!) and N = 48 (!).

V. CONCLUSIONS AND DISCUSSIONS

In conclusion, we have studied the quantum critical
state for the coupled spin-orbit system. The quantum
numbers of the ground state and the lowest branch of the
excitations are determined. Furthermore, the spin-spin
correlation functions are obtained explicitly for the first
time by the DMRG method. It shows a power-law decay
with a period of four, which originate from the interfer-
ence between the spin and orbital degrees of freedom.
The exponent of the asymptotic behavior is consistent
with the prediction by the conformal field theory.

In this paper we have investigated only the most sym-
metric model, but it is more realistic to consider a model
with lower symmetry corresponding to a finite J . In such
a case the e!ective Hamiltonian is given by the S-spin
isotropic and T -spin Ising-type Hamiltonian (2), whose
properties are not yet fully understood.

Related to the SU(4) model, several models with lower
symmetries have been studied [11–13]. Kawano and
Takahashi [12] discussed S-spin isotropic and T -spin XY -
type Hamiltonians to study the three-leg antiferromag-
netic Heisenberg ladder and showed that such a model

is gapfull and has exponentially decaying correlation
functions. Kolezhuk and Mikeska [13] studied a spe-
cial SU(2)!SU(2) symmetric Hamiltonian

!

i(
#Si · #Si+1 +

3/4)(#Ti · #Ti+1 + 3/4) and showed that this model is also
gapfull.

It may be possible to study the properties of these
models in a unified way by introducing di!erent type of
anisotropies from the SU(4) symmetric point. For this
purpose, it is highly desirable to develop an analytic the-
ory around this symmetric point.
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FIG. 3. Dispersion relations. The symbols !, !, and "

represent data for N = 8, 12, and 16, respectively. Young’s
diagrams (YD) show the irreducible representations. The
numbers accompanied by YD show the degeneracy and "2
represents the same weight from q and #q. The solid line
represents the Bethe ansatz result[7].

IV. CORRELATION FUNCTIONS

Now we move on to the behaviors of the correlation
functions, !Sz

i ·Sz
i+j"g.s., where !· · ·"g.s. denotes expecta-

tion values for the ground state. Since Hamiltonian (3)
has rotational symmetry with respect to both S and T
spins, we consider only z components of spins.

We use the OBC to get better accuracy in the DMRG
calculations, but in this case we must keep in mind
that the data contain the e!ects from boundaries. !Sz

i ·
Sz

i+j"g.s. shows an oscillatory behavior with a period of
four as a function of j. But the correlation functions also
vary with a period of four with respect to i. That is,
!Sz

i · Sz
i+j"g.s. is equal to !Sz

i+4 · S
z
i+4+j"g.s. for any i, j.

This behavior is caused by the standing wave with
a period of four originating from the open boundaries.
To remove such an artifact due to the OBC, we average
!Sz

i · Sz
i+j"g.s. for one period with respect to i. Thus we

define an approximate bulk correlation function as fol-
lows:

!Sz
i · Sz

i+j"bulk #
1

4

3
!

k=0

!Sz
i+k · Sz

i+k+j"g.s. . (5)

After this averaging procedure, we get the natural be-
havior of the correlation functions as shown in Fig. 4 .

Because the results discussed in the previous section
show that this model is gapless, we try to fit the enve-
lope of !Sz

i · Sz
i+j"bulk data with a power-law function (

j!!) by the least mean square method and get critical
exponent ! equal to 1.80 or 1.55 depending on using ei-
ther the upper (j = 12, 16, and 20) or the lower (j = 14,
18, and 22) data. We did not use the data of j = 24, 26
and 28, because these sites are too close to the bound-
ary. Due to finite size e!ects, the value of ! depends on

how to fit, but ! is always between 1.5 and 2.0. From
these results, we conclude that the asymptotic form of
the correlation function is given by

!Sz
i · Sz

i+j"bulk $
cos ("

2 j)

j!
; ! = 1.5 % 2.0, (6)

in the bulk limit.
Of course, !Sz

i · Sz
i+j"bulk is equal to !T z

i · T z
i+j"bulk,

because of the symmetry of Hamiltonian (3) concern-
ing the exchange between "S and "T . Furthermore, !Sz

i ·
T z

i+j"bulk always equals zero as is easily shown by the
Wigner-Eckart theorem. In fact, the calculated values of
!Sz

i · T z
i+j"bulk are almost zero, and the numerical errors

for the values of !Sz
i · Sz

i+j"bulk may be estimated from
these values, which are less than 1% even at the farthest
site from i.
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FIG. 4. Correlation functions ($Sz
i · Sz

i+j%bulk) for the sys-
tems with N = 48 (+) and 60 ("). Broken and dotted lines
are 0.144/j1.80 and #0.108/j1.55 , which are the results of the
least mean square fitting using the upper and lower data, re-
spectively. Numerical errors, which are estimated from the
values of $Sz

i · T z
i+j%bulk, are less than 1%. The inset shows

the entire form of the correlation functions. The symbols "
and ! represent data for N = 48 and 60, respectively, but
they overlap nearly perfectly.

Next we study the structure factor defined by

Sz(q) #

N/2!2
!

j=!N/2+3

!Sz
i · Sz

i+j"bulk · e!iqj . (7)

As is seen in Fig. 5, Sz(q) has a characteristic cusp struc-
ture at q = #/2. This result is consistent with the soft-
ening at q = #/2 in the dispersion relation. By Fourier
transformation of Eq. (6), the analytic form of Sz(q) is
given by

Sz(q) $ Sz(q =
#

2
) %

#

2

|q % "
2 |

!!1

! (!) sin !!1
2 #

+ O
"

q %
#

2

#

(8)

4

!" -variable, the second one is a special property of the
SU(4) symmetric model. All the QMC results have been
checked for the symmetry relation Eq. (2) and perfect
agreement within the statistical error has been found.
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FIG. 1. (a) QMC results for the correlation function
wij ! "Sz

i Sz
j # (solid points) as a function of |i $ j| for a

chain of length L = 100 with PBC which is predominantly
in the ground state (for details see text). The correlations
for |i $ j| = 1, 2 and 4 (which are out of the plot range)
are -0.07168(1), -0.04011(1) and 0.008261(4), respectively.
Fig. (b) shows the correlations wij at large distances |i $ j|
and the fit (for details see text) to the QMC data (open di-
amonds). The statistical error bars of the QMC calculations
are much smaller than the symbols. (c) and (d) show the
Fourier transform Sz(k) of wij on two di!erent scales.

The correlation function wij shows a clear four-site pe-
riodicity (see Fig. 1). Its sign is positive if |i!j| = 4N , N
integer and negative otherwise. The reason for the latter
is the tendency for every four neighboring sites to form a
SU(4) singlet [5]. Furthermore, from Fig. 1, it can be seen
that the correlations for distances |i!j| = 4N and 4N +2
decay much slower than for |i! j| = 4N + 1 and 4N + 3.
The explanation of this fact is simple: The system con-
sidered here has low lying excitations at k = 0, #/2 and
# (see Fig. 3 of [4]) each of them leading to a mode with
wave vector k in the long distance correlations. The am-
plitudes of this modes are expected all to decay according
to a power law, but with di!erent critical exponents $k.
From the results for wij (Fig. 1), it can be concluded that
the two dominant modes are those with k = #/2 (positive
prefactor) and k = 0 (negative prefactor). This is also
reflected in the Fourier transform Sz(k) of the correla-
tion function wij , having a characteristic cusp structure
at k = 0, #/2 and # (see Fig. 1cd). While the cusps at
k = 0 and #/2 are quite sharp, the one at k = #, how-

ever, is not so pronounced, indicating that the k = #
mode is of all the three the least dominant mode in the
correlation function.

The two critical exponents $!/2 and $0 can be deter-
mined from the QMC data of the real space correlation
function w(r) " wij, |i!j|=r . Fitting w(r) to the form
b!/2(r

!"!/2+(L!r)!"!/2) cos(!
2 r)+b0(r!"0+(L!r)!"0)

for the range 20 <
# r <

# 50 (making explicit use that our
system has PBC), we find

$!/2 = 1.50 ± 0.01, $0 = 1.85 ± 0.16. (3)

The best fit is obtained for b!/2 = 0.091, $!/2 =
1.499, b0 = !0.035, $0 = 1.85 and is shown in Fig. 1. A
precise estimate of $0 is not simple since the k = 0 mode
is only a relative small superposition on the top of the
much stronger k = #/2 mode. The exponent $!/2, how-
ever, can be determined to high precision. These results
are in very good agreement with the prediction of A"eck,
who calculated the critical behavior of the SU(4) correla-
tion function in an arbitrary SU(4) symmetric model us-
ing conformal field theory [7]. This correlation function
is proportional to wij , as a consequence of the symme-
try relation Eq. (2) and the exact results are $!/2 = 3

2
and $0 = 2. The exponent $!/2 has also been estimated,
using DMRG ($!/2 $ 1.5 # 2) [6]. The DMRG results
are in principle more precise than the QMC results, but
finite size e!ects in DMRG studies are much bigger due
to the use of open boundary conditions. Thus it is not
surprising that our estimate Eq. (3) is much more precise.

At finite temperatures, the dominant components in
the correlation function, wij(T ) " %Sz

i Sz
j &(T ) (note that

Eq. (2) holds also at finite T ) which result from the
soft modes at k = 0 and #/2, no longer decay according
to a power law, but exponentially. The corresponding
correlation lengths %0(T ) and %!/2(T ) may be di!erent.

The correlation function %Sz
i Sz

j &(T ) is shown as a func-
tion of |i ! j| in Fig. 2 for a system of length L = 200
with PBC at a temperature T = 0.05J . To find the cor-
rect low-temperature form, describing the long distance
behavior (|i ! j| ' %0, %!/2) of the correlations wij(T ),
one has to consider not only a phase shift &(T ) in the
k = #/2 mode, but also an incommensuration e!ect of
this component, i.e. that the period is shifted away from
k = #/2 by an amount 'k(T ). This is due to the asymme-
try of the excitation spectrum at the point k = #/2 which
manifests itself at finite T , where also excited states con-
tribute to wij(T ). This asymmetry can be seen in Fig. 2
of [6], where the degeneracy of the lowest “spin wave”
branch is indicated. As the degeneracy for k > #/2 is
larger than for k < #/2, we expect the weight of the #/2
mode to be shifted to a higher k value. This e!ect can
also be observed in the Fourier transform Sz(k, T ) of the
correlation function, where the maximum at k = #/2 at
T = 0 moves to higher k-values when T increases.

Finally, we propose the following low temperature form
for the correlations wij(T ) with |i ! j| ' %0, %!/2:

2

Example: SU(4) Heisenberg chain
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Spin-orbital honeycomb lattice: Ba3CuSb2O9

Spin-Orbital Short-Range Order on a
Honeycomb-Based Lattice
S. Nakatsuji,1* K. Kuga,1 K. Kimura,1 R. Satake,2 N. Katayama,2 E. Nishibori,2 H. Sawa,2 R. Ishii,3

M. Hagiwara,3 F. Bridges,4 T. U. Ito,5 W. Higemoto,5 Y. Karaki,6 M. Halim,7 A. A. Nugroho,7

J. A. Rodriguez-Rivera,8,9 M. A. Green,8,9 C. Broholm8,10

Frustrated magnetic materials, in which local conditions for energy minimization are incompatible
because of the lattice structure, can remain disordered to the lowest temperatures. Such is the case
for Ba3CuSb2O9, which is magnetically anisotropic at the atomic scale but curiously isotropic
on mesoscopic length and time scales. We find that the frustration of Wannier’s Ising model on
the triangular lattice is imprinted in a nanostructured honeycomb lattice of Cu2+ ions that resists
a coherent static Jahn-Teller distortion. The resulting two-dimensional random-bond spin-1/2
system on the honeycomb lattice has a broad spectrum of spin-dimer–like excitations and low-energy
spin degrees of freedom that retain overall hexagonal symmetry.

The realization of quantum-correlated mat-
ter beyond one dimension has been vig-
orously pursued in geometrically frustrated

spin systems for decades (1, 2). However, very
few of a rich variety of theoretically predicted
phases (3–6) have so far been experimentally
observed (7–10). A persistent challenge is sym-
metry breaking of orbital and chemical origin lead-
ing to semiclassical spin freezing. We present the

case of Ba3CuSb2O9 where, by contrast, chemical
and orbital nanostructure conspire to produce a
unique quantum-correlated state of matter.

Our comprehensive experimental analysis re-
veals that the geometrical frustration of Wannier’s
Ising antiferromagnet (11) on a triangular lattice
can be exploited to build a nanostructured bipar-
tite honeycomb lattice from electric dipolar spin-1/2
molecules. Despite a strong local Jahn-Teller (JT)

distortion about the Cu2+ ion, the resulting spin-
orbital, random-bond lattice not only retains hex-
agonal symmetry averaged over time and space,
but it supports a gapless excitation spectrum
without spin freezing down to ultralow temper-
atures.

Figure 1A shows the structure of Ba3CuSb2O9

at room temperature (T) as determined by synchro-
tron x-ray and neutron diffraction from single crys-
tals and powder samples; the refinement yields a
centrosymmetric (P63/mmc) structure in which
the two central sites of the face-sharing octahedra
are symmetrically equivalent and equally occupied

REPORTS
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Fig. 1. (A) Centrosymmetric P63/mmc high-T structure of Ba3CuSb2O9 indicating nanoscale Cu-Sb dumbbell
ordering. Ba ions are omitted for clarity. See fig. S1 for the complete structure. Oxygen 2p orbitals (shaded
blue and red) associated with superexchange interactions J(1) to J(3) are indicated. J(1) and J(2) have a nearly
equivalent superexchange path consisting of O 2p!2p transfer of "(!pps + ppp)/

!!!
2

p
; J(3) is much weaker

because it is associated with O 2p!2p transfer of "!ppp/
!!!
2

p
. (B) A characteristic vertex with spin-orbital

degrees of freedom for the Cu-honeycomb lattice of Ba3CuSb2O9. A trigonal coverage of a Cu-hexagon by
spin singlets (pair of blue or green arrows) based on a dx2!y2 ferro-orbital (green) state at two Cu sites (blue
shaded) is shown. There are two different sites for oxygen in the CuO6 octahedra, O1 (purple) and O2 (light
purple), with different heights, z (fig. S1). Coupling through the Cu-O1-O1-Cu superexchange path allows
resonance between singlets and is absent in the uniform dx2!y2 order of the orthorhombic phase. (C)
Superstructure peaks found in an (h k 10) slice extracted from a 3D volume of synchrotron x-ray diffraction
data at 20 K for an orthorhombic single-crystalline sample (12). (D) Intensity profiles at 20 and 300 K along
the (4!h, 2h, 3) direction for an orthorhombic single-crystalline sample indicating temperature-independent
broad superlattice peaks between integer Miller index resolution-limited Bragg peaks (12). Error bars indicate
SE; r.l.u., reciprocal lattice unit.
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macroscopic degeneracy even after LWFT corrections
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SU(4) Heisenberg model, iPEPS results
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Figure 6.2: Ordered states found by iPEPS calculations at small tensor dimensions. (a) A color
ordered state with SU(4) symmetry breaking found in a 4 × 4 unit cell (b) Dimerized SU(4)
symmetry breaking order found in a 2 × 2 unit cell. In both cases the tensor dimensions were

small (D=6), and upon increasing D, the orderings vanish.

The findings of iPEPS of no SU(4) or lattice symmetry breaking, complemented by the linear-

flavor-wave results which also show no sign of lattice symmetry breaking, point towards a spin

liquid ground state of the SU(4) Heisenberg model on the honeycomb lattice. In the following

we will support this statement by calculating the color-color correlation function and structure

factor of a Gutzwiller projected wave function of a uniform π-flux free fermion system. We will

also check the stability towards the most plausible orderings suggested by iPEPS calculations or

by findings in other lattices.

6.2 Free fermionic wave functions with different flux configurations

The free fermionic Hamiltonian we consider for the honeycomb lattice is

H = −
�

α

�

�i, j�

�
t
i, j f
†
j,α f

i,α + h.c.
�

(6.2)

where f
†
i,α( f

i,α ) creates (annihilates) a fermion with flavor α at site i, and �i, j� runs over nearest

neighbor bonds. In our calculations the ti, j hoppings are fixed, and we use this notation to em-

phasize that no self-consistency calculation is done, like for the χi, j in the mean-field approach.

The flux of a plaquette is the phase of the product
�

ti, j on the bonds around that plaquette.

For example, if we take a hexagon plaquette with sites 1, 2, ..., 6, the flux of that plaquette is the

phase of t1,2×t2,3×· · ·×t5,6×t6,1. When we talk about a flux configuration on a lattice, we take the

sites around each plaquette in the same direction (clockwise or counter-clockwise). Since other

approaches (iPEPS, LFWT) showed no sign of translational invariance breaking for the SU(4)

Heisenberg model on the honeycomb lattice, we will only consider uniform flux configurations

4x4 unit cell, 
D=6

2x2 unit cell,
D=6

�
∼

�
�Sx�2 + �Sy�2 + �Sz�2

�
m =

����4

3

�

α,β

�
�Sβ

α� −
δαβ
4

�2

No long-range order or 
lattice symmetry breaking 

in the large D limit
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∆

Figure 6.3: Results of iPEPS calculations (carried out by Philippe Corboz). (a) The energy per
site as a function of the tensor dimension (D). the variational Monte Carlo (VMC) results are
also included as a function of the size of the cluster. (b) The local color order (m) of the system,
as a function of tensor dimension. As it can be seen the SU(4) symmetry breaking vanishes
as D is increased, the results for the square lattice are also shown, where a dimerized, color
ordered pattern remains stable even for large D [79]. (c) The difference of bond energies in the
system. For large D the dimerized pattern vanishes for the honeycomb lattice in contrast with

the square lattice.
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0

1

3

2

1

3

2

Figure 6.4: (a) The minimal 4-site, and 8-site hexagonal unit cell of the π-flux hopping

configuration. (b) The Brillouin zone of the honeycomb lattice (black hexagon), and the re-

duced Brillouin-zone of the π-flux configuration (blue-hexagon).The outer (orange) hexagon

shows the Brillouin zone of the triangular lattice, that we get by filling the centers of the hon-

eycomb lattice. (c-d) the free fermion band structure in the 0-flux and π-flux case. In the π-flux

case there is a Dirac-cone at quarter-filling, which is the Fermi-level in the SU(4) case.

6.3 Variational Monte Carlo calculations for finite clusters with uni-
form π-flux configuration

The nearest neighbor bond energies and color-color correlation functions can be calculated for

the Gutzwiller projected wave function using the Monte Carlo algorithm we discussed in Chap-

ter 5. If the free fermionic Hamiltonian is color independent, the quarter-filled Fermi sea ground

state is a singlet (i.e. acting by the total spin operators gives 0). The Gutzwiller projection

operator in the SU(4) can be written as

PG =

Ns�

i=1

1

6
ni(2 − ni)(3 − ni)(4 − ni) (6.3)

where ni =
�

4

α=1
nαi is the total number of fermions at site i. Since the S βα spin operators do not

change the number of fermions on the site, PG commutes with the total spin operators, thus the

projected variational state is also an SU(4) singlet.

Since the singlet state does not break the SU(4) symmetry (all the direction are equivalent), the

�Pi j� can be expressed using only the diagonal operators as �Pi j� = 5��α nαi nαj � − 1, for the

general SU(N) case

�Pi j� = (N + 1)�
�

α

nαi nαj � − 1. (6.4)

This is similar to the SU(2) case, where �Si ·S j� = 3�S z
i ·S z

j� = 3(n↑i −n↓i )(n↑j −n↓j)/4 if the SU(2)

symmetry is not broken. Remembering that (n↑i + n↓i )(n↑j + n↓j) = 1 we get the SU(2) version of

(6.4)
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Fourier space for a single chain and along a chain in the honeycomb lattice. One can see that in

the honeycomb lattice the correlation decays much faster, and there are no definite peaks in the

Fourier space, instead we have a cusp at k = π and non-analytic behavior for k = π/2.

This algebraic decay of correlations can be captured in the structure factor as well, where conical

peaks can be seen at wave vectors corresponding to the difference of the position of Dirac-cones

at quarter-filling. [I don’t understand what it means]....
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Figure 6.8: The decay of the color color correlation function, along chains in the honeycomb

lattice, t The decay in the honeycomb lattice is clearly algebraic. A least-square fit gives a

power of around −3.4.
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chain(L = 300), and along a chain in the honeycomb lattice (Ns = 648). The decay in the

honeycomb lattice is much faster, and there is no peaks in the
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Gutzwiller projection: Stability.

✤ Modify the free fermionic wave function

✤ Calculate the bond energies the order parameter for the projected 
wave function

✤ Cases:

• Long-range order

• Dimerization

• Chain formation

• Tetramerization
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Figure 6.2: Ordered states found by iPEPS calculations at small tensor dimensions. (a) A color
ordered state with SU(4) symmetry breaking found in a 4 × 4 unit cell (b) Dimerized SU(4)
symmetry breaking order found in a 2 × 2 unit cell. In both cases the tensor dimensions were

small (D=6), and upon increasing D, the orderings vanish.

The findings of iPEPS of no SU(4) or lattice symmetry breaking, complemented by the linear-

flavor-wave results which also show no sign of lattice symmetry breaking, point towards a spin

liquid ground state of the SU(4) Heisenberg model on the honeycomb lattice. In the following

we will support this statement by calculating the color-color correlation function and structure

factor of a Gutzwiller projected wave function of a uniform π-flux free fermion system. We will

also check the stability towards the most plausible orderings suggested by iPEPS calculations or

by findings in other lattices.

6.2 Free fermionic wave functions with different flux configurations

The free fermionic Hamiltonian we consider for the honeycomb lattice is

H = −
�

α

�

�i, j�

�
t
i, j f
†
j,α f

i,α + h.c.
�

(6.2)

where f
†
i,α( f

i,α ) creates (annihilates) a fermion with flavor α at site i, and �i, j� runs over nearest

neighbor bonds. In our calculations the ti, j hoppings are fixed, and we use this notation to em-

phasize that no self-consistency calculation is done, like for the χi, j in the mean-field approach.

The flux of a plaquette is the phase of the product
�

ti, j on the bonds around that plaquette.

For example, if we take a hexagon plaquette with sites 1, 2, ..., 6, the flux of that plaquette is the

phase of t1,2×t2,3×· · ·×t5,6×t6,1. When we talk about a flux configuration on a lattice, we take the

sites around each plaquette in the same direction (clockwise or counter-clockwise). Since other

approaches (iPEPS, LFWT) showed no sign of translational invariance breaking for the SU(4)

Heisenberg model on the honeycomb lattice, we will only consider uniform flux configurations
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Figure 6.12: (a) Local moment ms , and (b) the energy of the projected state, as a function of
tLRO and �LRO. The energy is minimal for the spin liquid case.

special case to distinguish between the two scenarios:

ms =
1
N

4�

β=1

�

i∈Λβ
(2n
β
i
− 1). (6.7)

On every site we take the density of the preferred color, and subtract the densities of the other

three colors. It can be shown that in our case |ms| = |m|, but for the case when 3 colors are

present of each site (i.e. repulsive onsite interaction for the ”preferred” color) it gives a negative

value.

Fig 6.12 shows the value of the local moment and the energy of the nearest neighbor Heisenberg

model in the projected states as a function of �LRO and tLRO. The energy is the smallest for

�LRO = 0, tLRO/t = 1, where there is no long range order in the system, i.e. the spin liquid is

stable towards the formation of long-range color order.

ms =
1

Ns

4�

β=1

�

i∈Λβ

(2nβ
i − 1)
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6.4 Stability of the spin-chiral liquid

While a detailed projective symmetry group classification of the SU(4) color liquid state is not

yet available, the π-flux state appears to be a high symmetry liquid. Actually this would be the

first example of an algebraic liquid in two dimensions. In the previous sections we discussed

the correlations and energies of the Gutzwiller projected wave function when all the hoppings

had the same magnitude in the π-flux free-fermionic Hamiltonian. The question naturally arises,

whether some kind of ordering in the Gutzwiller projected wave function induced by changing

the hopping amplitudes in the free fermionic Hamiltonian can result in a better bond energy. We

checked the most probable and physically motivated orderings and found no sign of instability

of the SU(4) spin liquid state. In the following we will discuss 4 cases in detail: (i) the forma-

tion of long range order, (ii) dimerization, (iii) chain formation and (iv) tetramerization. These

calculations were carried out on the Ns = 96 cluster.

6.4.1 The formation of long range order

The possibility of magnetic long range, i.e. the breaking of the SU(4) symmetry naturally arises

as an instability to the spin liquid state. The presence of long-range order is indicated by a

non-zero local moment

|m| =

���
4

3

�

α,β

�
�S βα� −

δαβ
4

�2
, (6.5)

where the S βα are the SU(4) spin operators defined in Chapter 4, and α, β run over the four

different colors. |m| gives its maximal value of 1 in fully ordered (i.e. site factorized) states.

This formula is the SU(4) version of the SU(2) local moment,

�
�S x�2 + �S y�2 + �S z�2. We

considered the most plausible four-sublattice ordering shown in Fig. 6.11b, where only one color

is present at each site in the fully ordered state, and which was also found by iPEPS calculations

for small unit cell and low tensor dimension. Linear-flavor wave approach also predicted this as

the most symmetric color-ordered classical ground states, and this color configuration has the

largest weight in the Gutzwiller projected π-flux wave function as well.

We induce the SU(4) symmetry breaking in the Gutzwiller-projected variational states by intro-

ducing color dependent onsite energies (i.e. external field) in the free fermionic Hamiltonian,

corresponding to the four-sublattice order. The onsite energy terms can be complemented with

color dependent hopping amplitudes around the sites:

∆HLRO =

4�

β=1

�

i∈Λβ


−
�

δ

� tLRO

t
− 1

� �
ti,i+δ f †i+δ,β fi,β + h.c.

�
+ �LROnβi


 (6.6)

tLRO/t = 0 
a decoupled  hexagon and 2 sites 

-√3   vs.   εLRO
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where Λβ is the sublattice where the color β is preferred in the ordered state, and δ runs through

the nearest neighbor bonds. t = |ti, j| denotes the strength of the hopping parameters in the orig-

inal free fermion Hamiltonian (6.2), where the hoppings have the same magnitude on all bonds

and realize the π-flux configuration. The magnitude of the hopping parameters are modified in

such a way that the amplitudes are changed for color β on the bonds connected to the sites of Λβ.

The color dependent hopping parameters break the SU(4) and spatial symmetries of the system

the same way as the onsite energy terms. Fig. 6.11 illustrates the hopping amplitude and onsite

energy pattern, as well as shows examples of the induced order in the projected variational wave

functions.

(a) (b) (c)

Figure 6.11: (a) The modified hopping configuration to induce long-range order for the color
red. The thick red bonds show where the magnitude of the hopping parameter is changed to
tLRO, the red discs show where an �LRO onsite energy term is introduced. The free fermion
Hamiltonian is modified for all colors in the same pattern, but shifted according to the four
sublattice color order. (b) The color order in the projected state at �LRO/t = −1 and tLRO/t =
1.4. with ms = 0.702 (c) The inverse color order for �LRO/t = 1.4 and tLRO/t = 0.8, with

ms = −0.277.

This induced ordering is similar to the SU(2) case, when the external field is chosen in the z

direction. In this case the local moment can be written using only the diagonal spin operators:

|m| =
�

4
3
�
α

�
�nα� − 1

4

�2
, where nα is the local color density for the color α.

For �LRO/t � −1 and tLRO/t � 1 the Gutzwiller projected state is fully ordered, the low hopping

amplitudes will further localize the fermions to the sites selected by the onsite energy term. For

tLRO = 0 the lattice is decoupled into two separated sites and a hexagon in the unit cell for

each color. The one fermion energy for a single site is −�LRO, while for a hexagon with π-flux

the one fermion energy levels are −
√

3t, 0 and
√

3t, all doubly degenerate. So for tLRO = 0

and �LRO/t < −
√

3, the fermions are localized at the decoupled sites, which results in a fully

ordered projected state. While, if tLRO = 0 and �LRO/t > −
√

3, the fermions prefer to stay on

the hexagons, which results in the color ordering shown in Fig. 6.11c, where on each sublattice

3 colors are preferred with equal weight and in the fully ordered case |m| = 1/3. This ordering is

further stabilized if we increase the onsite energy. We can define a signed local moment in this
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(a) (b) (c)

Figure 6.13: (a) The modified hopping configuration for the color red to induce dimerization
. The thick red bonds show where the magnitude of the hopping parameter is changed to tdim,
while the red discs show where an onsite energy �dim is introduced for the color red. The free
fermion Hamiltonian is modified the same way for the color green, while in a shifted pattern
for color blue and yellow. (b) A dimerized projected state at �dim/t = −0.5 and tdim/t = 1.6.
with rdim = 0.702. (c) The inverse color order for �dim/t = −2 and tdim/t = 0.001, with

rdim = −0.905. The thickness of the bonds is proportional to the square root of �Pi j� − 1/4.

from the hopping process as well, which results in a separated chain-like bond energy pattern.

Our calculations show that the spin liquid state is stable towards this kind of ordering as well,

though the chain formation should be properly studied on its own.
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Figure 6.14: (a) The energy and (b) the dimerization order parameter rdim of the projected state
as a function of tdim and �dim. The energy is minimal for the spin liquid case.
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(a) (b) (c)

Figure 6.13: (a) The modified hopping configuration for the color red to induce dimerization
. The thick red bonds show where the magnitude of the hopping parameter is changed to tdim,
while the red discs show where an onsite energy �dim is introduced for the color red. The free
fermion Hamiltonian is modified the same way for the color green, while in a shifted pattern
for color blue and yellow. (b) A dimerized projected state at �dim/t = −0.5 and tdim/t = 1.6.
with rdim = 0.702. (c) The inverse dimerized order for �dim/t = −2 and tdim/t = 0.001, with

rdim = −0.905. The thickness of the bonds is proportional to the square root of �Pi j� − 1/4.

from the hopping process as well, which results in a separated chain-like bond energy pattern.

Our calculations show that the spin liquid state is stable towards this kind of ordering as well,

though the chain formation should be properly studied on its own.
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Figure 6.14: (a) The energy and (b) the dimerization order parameter rdim of the projected state
as a function of tdim and �dim. The energy is minimal for the spin liquid case.

rdim = − (�Pi,i+δ�dim − �Pi,i+δ�non-dim)
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6.4.2 Dimerization

The SU(4) symmetric Heisenberg model on the square lattice is found to exhibit a dimerized

pattern with the antisymmetric combination of 2 colors on the dimers [79]. This raises the

question if a similar kind of dimerization can be energetically favorable for the honeycomb

lattice as well. Dimerization, i.e. formation of bonds with stronger energies can be realized

in many ways, here we consider the one which was found by iPEPS calculations with low

tensor dimensions [81] (See Fig. 6.2b). In this state two colors are dimerized on bonds along

a column and the other two are dimerized on adjacent similarly oriented bonds. We chose

the order parameter to measure the dimerization as the difference of the dimerized and non-

dimerized bond energy,

rdim = −
��Pi,i+δ�dim − �Pi,i+δ�non-dim

�
. (6.8)

For the fully dimerized case the wave function of a dimerized bond is |���− |��� or |���− |���
and �Pi,i+δ�dim = −1, while �Pi,i+δ�non-dim = 0, because different sets of colors are present at the

two sites of the non-dimerized bonds (see Fig. 6.13b). This dimerization pattern can be achieved

by introducing color sensitive hoppings and onsite energies in the free fermionic Hamiltonian

(6.2). On dimerized bonds the hopping amplitude is increased (tdim) for the two dimerized

colors and also a negative onsite energy (denoted by �dim) is introduced for these two colors. For

example, on the bonds where |��� − |��� is formed the hopping magnitude is increased and an

onsite energy is introduced for red and green fermions.

∆Hdim =

4�

β=1

�

�i, j�∈β-dim

�
−
�
tdim

t
− 1
� �

ti, j f
†
j,β f

i,β + h.c.
�
+ �dim(nβ

i
+ n
β
j
)
�

(6.9)

where
�

�i, j�β-dim
runs over the �i, j� nearest neighbor bonds, on which the color β is dimerized.

Fig. 6.13a illustrates the hopping parameter and onsite energy pattern, while Fig. 6.13b-c shows

partially ordered projected variational wave functions. Fig 6.14 shows the order parameter rdim,

and the energy of the Gutzwiller projected states as we change tdim and �dim, the shown results

are averaged out over the three possible orientation of the dimerized bonds.

The energy is minimal for the tdim/t = 1, �dim/t = 0 case, where rdim = 0, thus validating that

the spin liquid is stable against this dimerization pattern dimerization as well.

If we take tdim/t > 1, �dim < 0 we enforce dimerization in the system as mentioned before. On

the other hand, for small tdim and negative �dim the order parameter is negative (see Fig. 6.14b),

i.e. the bond energies along chains are stronger, and in Fig. 6.13c the chains seem completely

separated. In the free fermionic Hamiltonian hoppings between chains are decreased only for

two colors only, but the negative onsite energy for these two colors exclude the other two colors

from the hopping process as well, which results in a separated chain-like bond energy pattern.
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6.4.3 Chain formation

To study the stability towards chain formation we simply decouple chains for all colors in the

free fermionic Hamiltonian:

∆Hchain =

4�

β=1

�

�i, j��chain

�
−
�
tnch

t
− 1

� �
ti, j f

†
j,β f

i,β + h.c.
��

(6.10)

i.e. the hopping amplitude for bonds between chains is changed. This is similar to the previ-

ous case, where we checked the stability towards dimerization, but in this case we change the

hopping parameters for all colors on bonds with the same alignment. We use the rdim order pa-

rameter here as well, because it measures the difference of bond energies in chains and between

chains.

In the tnch → 0 limit the free fermionic Hamiltonian decouples into separate chains which is

reflected in the Gutzwiller projected state as well, the color-color correlation function along one

direction will have the same decay as found for chains and the correlations between chains are

supressed (See Fig 6.16a.)

For tnch � 1 the energies of bonds between chains are smaller (larger negative), the main dif-

ference to the color-ordered dimerized case is that the Hamiltonian is not color dependent, thus

there is no explicit color ordering. However, the color-color correlation shows a pattern similar

to the color orderer dimerized state in the previous case (see Fig. 6.16b). The sites with posi-

tive or negative correlation are arranged in stripes, resembling to the two-color dimerized order.

The strong negative correlation to the nearest neighbor in a different chain agrees with the an-

tisymmetric pair formation found by iPEPS, and which was enforced explicitly in the previous

case.

(a) (b) (c)

Figure 6.15: (a) The modified hopping configuration to separate chains. The thick purple bonds

show where the magnitude of the hopping parameter is changed to tnch for all colors. (b) The

bond energies of the projected state for tnch = 0.3. with rdim = −0.77 (c) For tnch = 5 the bonds

between chains are stronger, here rdim = 0.74.
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(a) (b)

Figure 6.16: (a) The color-color correlation function with respect to the center site in case of
the chain formation. (a) shows the tnch = 0.001 case, where the chains are separated, while
(b) illustrates the tnch = 10 case where the hopping amplitudes between chains are larger, the
correlation shows similar pattern as was found in the color-ordered dimerized phase. (Compare

with Fig. 6.13b )

The energy and the dimerized order parameter of the projected state as a function of tnch is

shown in Fig. 6.17. The energy is minimal for the tnch = 1 case verifying once again, that the

spin liquid state is stable towards chain formation (and dimerization) as well.
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Figure 6.17: The order parameter rdim and the energy per site and the nearest neighbor Heisen-
berg model as a function of tnch in case of induced chain formation. The energy is minimal for

tnch = 0, where rdim = 0

6.4.4 Tetramerization

Tetramerization refers to the formation of SU(4) singlets on the honeycomb lattice. The ap-

pearance of singlet tetramers was proved for SU(4) ladders [72], and was considered relevant

in the ground state of the triangular lattices [71]. On the honeycomb lattice a site and its three
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(a) (b) (c)

Figure 6.13: (a) The modified hopping configuration for the color red to induce dimerization
. The thick red bonds show where the magnitude of the hopping parameter is changed to tdim,
while the red discs show where an onsite energy �dim is introduced for the color red. The free
fermion Hamiltonian is modified the same way for the color green, while in a shifted pattern
for color blue and yellow. (b) A dimerized projected state at �dim/t = −0.5 and tdim/t = 1.6.
with rdim = 0.702. (c) The inverse dimerized order for �dim/t = −2 and tdim/t = 0.001, with

rdim = −0.905. The thickness of the bonds is proportional to the square root of �Pi j� − 1/4.

from the hopping process as well, which results in a separated chain-like bond energy pattern.

Our calculations show that the spin liquid state is stable towards this kind of ordering as well,

though the chain formation should be properly studied on its own.
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Figure 6.14: (a) The energy and (b) the dimerization order parameter rdim of the projected state
as a function of tdim and �dim. The energy is minimal for the spin liquid case.
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neighbors offer a viable option to accommodate an SU(4) singlet, Fig. 6.18b shows the covering

of the honeycomb lattice with SU(4) singlets.

A suitable order parameter for such tetramerization is

rtet = −
4

5

��Pi,i+δ�tet − �Pi,i+δ�non-tet

�
, (6.11)

where �Pi,i+δ�tet is the average nearest neighbor bond energy in a tetramer, and �Pi,i+δ�non-tet is

the nearest neighbor bond energy between tetramers. For the spin liquid without tetramerization

rtet is 0, while for the fully tetramerized state �Pi,i+δ�tet = −1 and �Pi,i+δ�non-tet = 1/4, so rtet =

1. To create projected states with finite rtet we modified the free fermionic Hamiltonian by

strengthening the hopping amplitudes on bonds which are part of a tetramers. A negative onsite

energy at the center of tetramers further stabilizes the tetramerization. The modification to the

Hamiltonian reads as

∆Htet =

4�

β=1

�

i:center of tetramer


−
�

δ

�
ttet

t
− 1

� �
t
i,i+δ f

†
i+δ,β f

i,β + h.c.
�
+ �tetn

β
i


 . (6.12)

(a) (b) (c)

Figure 6.18: (a) The modified hopping configuration to induce tetramerization. The thick

purple bonds show where the magnitude of the hopping parameter is changed to ttet, the grey

discs show where an onsite energy �tet is introduced. The free fermion Hamiltonian is color

independent, it is modified for every color in the same way. (b) A tetramerized projected state

at �tet/t = −3 and ttet/t = 1.6. with rtet = 0.859 (c) The variational wave function for �tet/t = 2

and ttet/t = 0.5, with rtet = −0.366.

Fig. 6.18 shows the pattern of hopping parameters and onsite energies along with partially

tetramerized projected variational states. This type of ordering is relevant, since it opens a

gap at the Fermi-level and removes the Dirac point at quarter filling [100]. Fig. 6.19 shows rtet,

and the nearest neighbor bond energy per site of the projected state as we change �tet and ttet.

For large ttet the fermions prefer to hop on the bonds of separated tetramers, thus resulting a pro-

jected wave function with SU(4) singlets. For small ttet the bond energies around hexagons are

stronger (see Fig 6.18c). The energy is minimal for spin liquid state at the �tet = 0 and ttet/t = 1.

rtet = −4

5
(�Pi,i+δ�tet − �Pi,i+δ�non-tet)
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Figure 6.19: (a) Energy and (b) the tetramerized order parameter, rtet of the projected state as

a function of ttet and �tet. The energy is minimal for the spin liquid case.

6.5 A model with tetramerized exact ground state

We can construct a Hamiltonian for which the tetramerized state suggested in the previous sec-

tion is an exact ground state. In this state the lattice is covered with SU(4) singlets as shown in

Figs. 6.18b or 6.20a. The �Pi, j� bond energy between sites belonging to the same singlet is −1,

and equals to 1/4 between sites of different singlets.

We considered the operator

Q(i j),(kl) =
1

4
(1 + Pi j)(1 + Pkl) (6.13)

where Pi j is the SU(4) Heisenberg exchange. This operator is a projection, i.e. Q(i j),(kl) =

Q2

(i j),(kl), therefore it has eigenvalues0 and 1. It gives 0 if the wave function is antisymmetric

either on the (i, ) j or the (k, l) bonds, and 1 if the wave function is symmetric on both bonds.

If we choose (i, j) and (k, l) to be nearest neighbor parallel bonds as shown in Fig 6.20a, one

of the two bonds will be always part of an SU(4) singlet in the fully tetramerized state. The
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Figure 6.23: (a) The phase diagram of the J1J2J3 Heisenberg-model based on the comparison

of the energies of the fully ordered states. (b) The phase diagram considering all, partially

ordered Gutzwiller projected states.

6.7 Conclusions

The numerical results of linear flavor wave theory and iPEPS calculations on the absence of

lattice and SU(4) symmetry breaking provide strong evidence that the ground state of the nearest

neighbor SU(4) symmetric Kugel-Khomskii model on the honeycomb lattice is a spin-orbital

liquid. The findings of the π-flux variational Gutzwiller projected states support this claim,

and further shows that the ground state is in fact an algebraic spin-orbital liquid. The usage of

the Gutzwiller approach can be verified by the comparable energies to iPEPS results, and the

excellent agreement with exact diagonalization results.

We further showed that the spin-orbital liquid ground state is stable against the most plausible

and relevant orderings, like the formation of SU(4) symmetry breaking long-range order, dimer-

ization or SU(4) singlet formation. In all cases we found that the spin-orbital liquid case is

stable.

We can also examine models with longer range or higher order interactions in the Gutzwiller

approach. We showed this through the example of the SU(4) singlet formation, where a Hamil-

tonian can be constructed that exhibits these tetramerized states as exact ground states. The

transition can be studied by variational states with different extend of ordering.

We also carried out calculations considering the J1J2J3 model, and found that the spin-orbital

liquid found in the J2 = J3 = 0 case is stable for finite values of J2 and J3 as well. This

further strengthens the experimental relevance of our findings, since it shows the robustness of

the spin-orbital liquid behavior.

Q(ij),(kl) =
1

4
(1 + Pij)(1 + Pkl)
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6.5.1 Transition between the spin liquid and the tetramerized phase

The Hamiltonian

Hη = (1 − η)
�

(i j)

Pi j + η
�

(i j),(kl)

Q(i j),(kl) =
�

(i j)

Pi j +
η

4

�

(i j),(kl)

�
1 + Pi jPkl

�
(6.15)

connects the spin liquid and tetramerized phases. For η = 1, Hη = HQ, while for η = 0 we

recover the nearest neighbor SU(4) Heisenberg model (6.1). The transition between the two

cases can be studied using the Gutwiller projected wave functions. As we showed in Chapter 5,

the �Pi jPkl� quantities can be calculated for the Gutzwiller projected wave functions using Monte

Carlo algorithm. This allows us to compare the energies of Hη for variational wave functions

with different levels of tetramerization. Fig. 6.21 shows the value of the order parameter rtet of

the lowest energy state as a function of η. The transition between the liquid and tetramerized

case occurs around η ≈ 0.5, and it seems to be of first order, which is supported by the energy

versus the order parameter plot at η = 0.5, clearly showing two local minima, corresponding to

the rtet = 0 liquid and a partially tetramerized state with rtet ≈ 0.35 (see the inset of Fig. 6.21).
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Figure 6.21: The tetramerization order parameter r as a function of η in Eq. (6.15). A first-

order phase transition occurs at η ≈ 0.5 between the algebraic color liquid (r = 0) and the

tetramerized phase (r > 0). In the inset we show the energy at η = 0.5 as a function of the order

parameter for the Gutzwiller projected variational states.

6.5.2 Tetramerization induced by next nearest exchange

Extending the nearest neighbor Heisenberg model with next nearest neighbor exchange in-

creases the number of bonds within a singlet tetramer, but also the bonds between tetramers,

so it is not clear, if this leads to tetramerization. The nearest and next nearest bond ener-

gies in spin liquid case are �Pi,i+δ� = −0.596, and �Pi,i+δ2� = 0.005, so the energy per site is

E = −0.894J1 + 0.015J2. In the fully tetramerized case the nearest and next nearest bond ener-

gies are -1 or 1/4 depending on whether the bond is part of a singlet or not, thus the energy per

J1 J2 J3 model
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Hamiltonian constructed as the sum of the operators,

HQ =
�

(i j),(kl)

Q(i j),(kl), (6.14)

is a sum of projection operators, therefore the ground state energy must be non-negative. The

tetramerized state introduced in the previous section is a ground state of this model, since it

gives 0 with all Q(i j),(kl).

Figure 6.20: (a) Q(i j),(kl) with nearest neighbor parallel (ij) and (kj) bonds in the tetramer-

ized state, (b)-(e) illustrates that this kind of covering is the only ground state of HQ in Eq.

(6.14) (b) To satisfy Q(12)(34) (12) is antisymmetrized (purple bond), next to satisfy Q(15)(23) we

antisymmetrize (23). (c) To satisfy Q(17)(26) we can’t make an antisymmetrization in (17), since

then we will be unable to satisfy Q(15)(78) (d), so the only option we have is an SU(4) singlet

located on site 2 and its three neighbors (e).

We can also prove that no other SU(4) singlet covering state satisfies all Q projections. Here we

follow the site numbering shown in Fig 6.20b-e. To make Q(12)(34) satisfied, we can choose

to antisymmetrize the spins on bond (12). Next, to make Q(15),(23) satisfied we can either

antisymmetrize the spins on bond (15) or (23). Without loss of generality we can choose to

antisymmetrize on (23). Now, consider Q(17),(26). If we make an antisymmetrization on (17),

then we created an SU(4) singlet on sites 1,2,3 and 7. At this point, the Q(15),(78) term can not

be satisfied, since 1 and 7 already belong to a singlet, so we cannot make an antisymmetrization

neither on (15) nor (78). Therefore, instead of (17) we must make an antisymetrization on bond

(26), which then results a singlet on sites 1,2,3 and 6. This shows that a ground state ofHQ must

be built of singlets occupying a site and its three neighbors, which can be done only as shown

in Fig 6.20a. This type of SU(4) singlet covering is fourfold degenerate depending on where the

centers of the singlet tetramers are located.

Hη = (1− η)
�

(ij)

Pij + η
�

(ij),(kl)

Q(ij),(kl)

=
�

(ij)

Pij +
η

4

�

(ij),(kl)

(1 + PijPkl)



Summary:

✤ No symmetry breaking for the SU(4) Heisenberg 
model on the honeycomb lattice

✤ Gutzwiller projection shows algebraic correlations

✤ Spin-orbital liquid state stable towards relevant 
orderings. 

✤ Spin-orbital liquid state is robust



Thank you for your attention!


